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Smoothness of the Singularity for the 
Heat Equation in a Polygonal Domain 

(Part Two) 
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16050 - Kouba. Algiers. Algeria 

ABsTRAq. We continue our study of the heat equation with Cauchy· Dirichlet 
conditions in the non convex polygonal domain 0, descrihed hy (he time variahle t 
and one space variable x. 

The second member f of the heat equation is in L'(O) . the space of fun ctions the 
squares of which are integrable in g , We look for Ihe solution u in a non symmetric 
Sobolcv space H, ·2, (0) defined as an interpolation space hetwce n H' " (0) and L' 
(0) where HI.2 (0) = {u • L' (0) u; , u;, u;, • L' (0») . 

It is known (Sadallah 1976, 1983) that u is smooth (i.c . helongs to H' " (0» 
when the domain Q is convex, but in general, this docs not hold in a non convex 
polygon. The First Part of this work (Sadallah 19119) was devoted to the spcci"1 case 
in which Q is a non convex domain and is the product of two rectangle s. 11 had hccn 

proved there. that for all fin L' (0) there exist two functions v. w such that u = v + 
w where v • HI.2 (0) and w f. H' ·' (0). Our main result was: 

3
The singularity w • H,·2, (Q) iff r < ~. 

In this second part, we prove that the same result remains unchanged in the 
general case (i.e. when Q is not necessary product of two rectangles). 

The proof uses the First Part of this work and some other results of the author 
(SadaUah 1976) as weU as the interpolation theory . 
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c ~\ J ,iJl:J1 ~~I .i.lLl.1 J.->- .i.ll..ll ' ../' Us 

LU 5 =0 

~ u' IY = 1 - x 

l U'I 'I; =0 

+~ 

U s (t . x)=~ L 1 e-(n"J't,S inmtx 
n=1 mt 

Us in C 
Us { 

1jJ in R l 

~~ Q ~ 4HI~2( Q) 4 H1 '\ Q) 4-L2 (Q) ..:,;1~L...aA.l1 ~....l4l1 J w~ 
J ~G- ~ ~\ ......;'Y~.)-" ..:,;1"L.,a.; ~ ~jL.u b ~J . IR? 

: ,iJl:J1 ..:,;1yi4J1 

Hl (Q) = { UE L2 (Q) : D u, D UE L2 (Q) }
t x 

-: 0~ 'Y~ ]A, 8 [= I 015 I~l • 

H ~ (I) = {UE H' (I) : U (A) = U (8) = 0 } 

http:1~L...aA
http:J.->-.i.ll
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. {(t ,x)EIR2 : O< I < ..!..,I < X< I ) W - ·11.........:. T

2 ~ . 

. {OJ x] 0 , I [ = Y 

. RI U C U Y R 

. RI U T U y E 

. {(t,x)EIR2 : +<1 < 1,I < x < I} ~I T, 

. E U TI F 

.{-I}x]-I,1[ YI 

. ]- 1,0 [ x {- I } UJ - I ,0 [x {I } Y'I 

.{O} x] - I,O[ Y~ 

. Y U Y" Yo 

( (1,1) E IR2 
: °< t < + } yz 

.E~.r~\ ~ lo.J.:..&.]O,l[x {O}U]O, I[x { l} Y~ 

.E ~.r~\~lo.J.:..&.lO,I[x{l} 

. R ~ .r~I ~ 1o.J.:..&. {I } x] 0, I [ Y; 

. E ~ .r~1 ~ 1o.J.:..&. {+} xl O,I[ 

Q~I~l> aQ 

y , x Ay, 1 y, 

y, y, R, y CR, 
y, 

R, 

. 
-\ -\ y, \ I 

y, 

-I 

L..----I - \ 1..-__-1 - 1 -\ 
1" 

R~IF~I 
<, ') ~I<'r') ~I 



- - -

- -
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~ u'Yl>- ~'":J.:j ~I.J~ ~ ...;i ~ II ~ 

. i opl rY~.J'l'.J • (i) ~I (\ 

. V opl ~I~ rY~.J'l'.J .(A) ~I (" 

. v opl..;>-I rYY'.J'l'.J • (' .) ~I ('I" 

o..l..A 0i.J ,Uu..aJI ~ o~L!..l1 J#I ~ 0i .:...rA~ L.;i ~I..,.JI.J 

41.\ 1...L.A.....) (0) ~1Ul>- J 4::1&- \.:l...a;.- ~1...!.ll; ~~ ~ 4j u..aJ 1 

.(\~N\ 

j.JL.l.1 ~ J ~~I o~L!..l1 Jyl>J.l ~")\.>- ...;i Jl~ • ~.J~.J 
)a;i ] (Elliptic Equations) ~UI u'Y~WI.J (Grisvard 1(75) ..r~ 'Y 4j~lA.o j.:..o 

-u'Y~L....J.I.J (Moussaoui, Sadallah 1(82) IR' J 0),)-1 U~lA.o.J [Azzam 1980 ~ 

.,.L..a....i.\1 0~ [Azzam, Kreyszig 1980 : ~>i] (Para bolic Equations) IR" J ~ISJ.I 
0~ .r.5.LJI ~ ,~I.J)I ..rlJ ~ ~~ 'Y l.AI o~L:JI J#I ~l ~ ,-:?.i.ll 

• 3t -r ~)l1 ~1.J).l Q J L?'..dl ~}.I ~ ......u~ J#I ...!.ll; ~~.J 

41.\1 .M.....) J.J)l1 ~I ~ 4...,.,l>-~ ~..liti.1 ~I~I J J4-.- ' .. 
~ua;~ Q ~LJ L;.J~I ~~ u~yw:' .!.ll.Al0i Jl~.J ,(\~A~ 

J""'l.:s. (Continua tion) --4..11 4j~ ~ • 0);81 ~ w'Yy.r ul.,.L..a....i.\ :i..:-J~ 

,-;-"lk-4:......'YI ~):w il~1 Jl4- I'-' ~I 1.iJ.J . ul.,.L,.:Uj1 oJ.........,. 

. (Interpolation Theo ry) 

(Notations) ~I:r-.J - f' 

ulpl J-015 J u.~ ul~; o~1 oj,." J ~~ .)p ~~LA.; 

: ~L:JI 

«t,x) ol~ (Coordinate System) ~ J) u~1 Jy> • 

. IO, I[xIO, I[ ~}I = C 

.1-I,O[xl-I,1 r J:.k::-ll RI 
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\..L>-IJ I~L.;, ~~ ~I ww....:til ~1 ~..u:. 0~ 'is.;->-! ~ 0-" 

0~ Jl:J~J ,J..r:. L.., ~1 ~.wl 1..i...2. ~ I.ilJ . ~Ij...ul o..i...2. J kc 'j 
. (~!~ wb ,-?i) ~l..?- 4-j.A:...... ~I ww....:til 

~ ~I 4.......)1)1 '-?!) 1t 0-" ..,r:-5~1 ~...)I;J~ ¥ 'j ~I ~~I 01 ~ 
~jlY' u,).;~.:,..... ~J ,~Ij...ul o..i...2. J jJ~ '-?! ~ 'j (~L:JI Jd-I ~ 

. (jLa.:.>-'j I ..l.,aj) -:.r. j y:-J. I J.>.~ 

J uL-.. ~Ij~ ~ ~! ~ ~UI V""'I..,..J-IJ wlk>-)L11 o~l~ 

. wL;1 J.>.)I I j5J" J 1t 0-" ~~I ~...)I)I j~~ oL;~! ... )1 ww...all 

x 

C?O[]GJ 
t (A) ~\ (V)~\ (I)~I (0)~1 

(C\) ~I 

~I~) JJ~I ~I J ~lj~...::.1 ..L.j (0) ~I 01 JL~ 


Jl (A) ~I 0-"J (V) ~I Jl (I) ~I 0-" ~ L.;i l-S (' '\AC\ 


(V) 	.J (I) ~I ~Ij~ 01--9 JL:J~J - x ~ x JI~~ ('\) ~I 

. ('\) .J (A) ~I~ b-9 J"~I ~jSJ ,0l.::.Up 

_ 0 _ 

http:0l.::.Up
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~".ls!. Q j~ lo....l:.s- L 2 (Q) J HI,2(Q) ,f ( Iso morphism) J5L...:..; L 0 f J:V..')I.; 

~ uL...LJ.1 ~ J ~ .l..,...;l,; ~I o~ JbS-' .(.\.1IJ-1 o~ J P = L 0"1) 

. «'f) ~I '*-" ..,k.;1) ~UI ~..,kJ1 .. -:~ lo ~lb . ~...l>J.1 

J1 ~ 'j L 2 (Q) ,f ( ii ;); ~ II' ,ub P .L:>:-~ G \ jJ- , ~Ja-:-l\ ~ 

. L2 (Q) J H I,: ~(Q ) Et> V ,f )LSL...:..; L 0~~ p o~ V .. L...a..; JJy HI.2 (Q ) 

.J U I.J..>- l ~I~ ~~~~ o)~1 .\.1~ L.....o J.> 0 \ ~ 1...i...J.-, 

. V J .}. HI 2 (Q) J ~ i.S?"11-, H I ) (Q) 

.. l.aAJ1 Jl ~ 'j y. "1 (Singular) o~L;, (.. I?,i -,i) 'j)..;>- V ~~~ 
H'2 _ 1...1\ . (Q)~ 

~)I jJ-.......u~ o~UI .. 1?,"1I.J~ 0\ , ~)2_JI,f ~ I~-, 

. Q J 3t ,f ~"11 l:1-,)J ~..dl 

: 1IL.i1 C~ - y 

. V .. l.aAJ1 ~w. (S moothness) .\.1\.4....:. ~J.i r J--li I~ ,f w..u.1 01 

. (u,), = I .. . 1' JI-,JJI .\.1\.4....:. ~ I~-, 

oLa.r. J ~~~ ( ii ;); = I JI-,JJI Lr. ~~~~ Jl ?... p 

~I~) J-,"11 ~I J ~..liI.1 ~)I ~..,kJI oLa..r.-' ~ J-, , ~..,kJI 
Q ,f S; ~ 4.,...JI~ ~.r u, ~L;, J> J-5 0\ ~L:lI o~ ..L5y .(' o.Ao. 

Jl ~ ,-?\) J~ u; J5 0~ ~~I ~-' ~-' .LS?"11 l:1-,)~ ~f- 'j-, 

~LJ T; ~ L.;~) I~l G~ ..!.U~ ,f ;Si-, .S; 4.....,...JI)J )~ ,-?i C)L>- (HI } 

: 0~ ~ L:.;~ S; 4.,...JI)1 (Abscissa) 

U;E HI2 ( Q n { (t,x) : t < To} ) 

,-?\ (Loca l Study) ~ 6......1)..L.: iL.:AJ 1 Lob: ; G\ ~L:lI o~ ,f ~ 
• ::: :::. -:: 0 , 

, ~..,kJI YP = I )~I ~ I~-, "I.J..>-I-, 1~L;."j.;-~ Q ~)~\ 

- i ­
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x 

o 

J-->-I.;) ~ uW-Al.1 ..l>-i ~l>- .Js- ~ J5 ~ ~I Q 41-,-> .;)~ P ~Q j 

.a:.oi (f) ~ (r') ~ (") Jl5:...':.)11 J ~I] (ox) .J~I o~1 ~I-, l.?.JI)1 c:WJ1 

.[Qc:WI~P~ 

x 

P=2 P=I P = () 

(i)~1 (") ~I 

. (Sadallah 19K!) 

. L2 (Q) J HI:~ (Q) :..r- (one - to - one) -:.r.~ L o)..,..J-1 ~y 01 : , ~~ 
. P l.?-'~ (Codimension) J,j1)1 LA~-, ~ ~.J~ 01! ~lb J1 ~L,.i.1 

-i_ 



Boubaker - Khaled Sadallah 177 

<L.Ij--o~ l?lJI .HI,. 2x (Q)~L.:lI~ (Sobolev) W~y,.r-""L,a.; w~ 
I ") -$ 

: ~ H .- (Q) I,)l.a.:.>-I 

1.2 { 2 2 2 }H (Q) = UEL (Q): O,u , 0xU, O x UE L (Q) 

0, ~-' • Q Js- a..K-lJ ~lAJl 0~)1 01; JI,J-ul ..L.a.AJ L2 (Q) ./'J'.. ~ 

..L.a.AJ1 41 J>-~ .~.;JI Js- x • t ~ ~~ JtA;..;.)11 l?)jl Ox J 

: ~L::..lI (Boundary V alue Problem) ~..\.J.I .-uWI ~ ~ 

Lu = fEL2 (Q) 

(P) { 
Ulr . r N = () 

~; • H12 (Q) y:. U J-:lI ~1 ~ 01 ~ l?lJI ~I ..L.aAJ1 01 
• 

~ ~~ ~I ~)2:JI ~ . (Regular) ~Lk.; Q 0~ lo.J..".s. J...4.l~ o~ lo 

. ~J..::. ~~ Q 0~ lo.J..".s. ctl.i5 ~ J'"~101 ~ 

. 
: ~J..::. 4JS (Q');EI 0L....L.a~ Q ~ • ~I olr. . 1t -.:..ro loU 

- r ­
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o.;lrl 4bw jJ- ;L!l' -=--*, ;J~ 


4 ~.J .44 L>l-, J 


'-.>-L. j L.,._~sll ,c..,.lS.r<' -,s-y .bJA ,0)\~1 'bL....< ~11..i.A...) rr :~Jl>. 
Lhi ~ (Sillg~lar Parb) 0:,L; :Ij--':-I .oUI •..i.A. y- .:,L j:,:,.:,1 .J..cJ . "'....., _-::" ~ 

. )l..olS ~ .1~)l1 •..i.A. (SmoDlhlless) .olA.,., ~ l:.; ~ , :c,..l..Al1 ,->-UI 

JL=L. (No" Symmclric Soho\Cv Spaces) 0»01 ~ ...j'}.Y.r- vl.w..; y -:.U:, JS r-" 

. '-1..K..Jj <L1.iJ1 vlou)1 vi:' JIJ..Li1 .w..;..) '-!" 0.11.;1-1 .o,W .;l!.Il ...j}J1 

...,~ ~ ...,-"1.>--'"' JlJ ~11.u. if JJ)l1 r-<ll e;-:\...;.; Jl L...L.I u,.....1_~1 ~ 
. ( Inlerpol_liD" Theory) ..,.,lhA.:..... '}I 

: L..o..Lai1 _ , 

~.b~ J.> J ~ ,-?.u1 ~L.:J1 ..'):-1 ;;J lA..o J.) L:.; ~1 1..lJ, J ~ I""; 

c:..ro (.)~~ ;;J ~ J 4 ~1l.:J..,.:.y lo ~ y:. t:......1.J~ c:..ro wJA I.) 4 o)..rl l 

.~ 4._1.,.2.4.i..>-L..;;J~ Jl 40').6- .. .. I~ 

:~.) (t, x) ~ ~ yoj .""";'~I oLf')'1 J~y IR2 J l....L..a... Q ~ 
4 <L.O>Lf~ ~-,,_I.I.) (0 x).J~ ~jI)1 Q ~i 4..&-~ = rN ~ Q .u~ = r 

. ~L,:. (.)~ .Ai 4..&-~1 o..lJ, 

- ,­


