AGJSR 31 (Special Issue) 2013: 398-405 Weian Yan et al

Bayesian Estimation of Products with Wiener Process Degradation Based on Linex
Loss Function

Weian Yan"?; Baowei Song"?; Zhaoyong Mao" ?; and Guilin Duan’

'College of Marine, Northwestern Polytechnical University, Xi’an, China
Hnstitute of Underwater Vehicle College of Marine, Northwestern Polytechnical University, Xi’an, China

ABSTRACT

Sp. Issue 2013/ # Paper 12
Corresponding author:

Baowei Song

Mailing address: No. 127, Youyixi
Road, Xi’an, Shaanxi, 710072, P.
R. China

E-mail: hanghai@nwpu.edu.cn
Tel: +86-13609165211

Fax: +86-29-88491142

KEYWORDS

Wiener process, Linex loss
function; Bayesian estimation;
Performance degradation data;
Life data

flexible.

Bayesian estimation for parameters and the reliability of products for
which the performance degradation process modeled by wiener process
are obtained based on linex loss function. Using both non-informative and
conjugate prior distribution, several Bayesian estimates under squared
error and linex loss functions are computed. Finally, these Bayesian
estimates are compared through the mean squared error (MSE) based
on Monte Carlo simulation study. According to these comparisons, it
is shown that Bayesian estimators with linex loss function are more

Introduction

At present, weapon systems such as underwater
vehicles and underwater weapons have the
characteristics of long life and high reliability.
Therefore, we may only obtain a part of the life
data, which results in a great challenge for the
evaluation of the product’s reliability using
traditional methods. Although several techniques
have been applied for this issue on the basis of, e.g.,
censoring, and accelerating the product’s lifetime
tested at a higher level of stress, these techniques
are sometimes invalid for highly reliable products
during a given period of time(Tseng, et al., 2009;
Tsai, et al., 2011) .

The degradation analysis is an alternative
approach for this problem. It assumes that a product
has a quality characteristic that degradation over
time can be related to the reliability by testing a
number of products and by measuring the evolution
of their performances. The observed data which
will be used to evaluate the product’s reliability is
called the degradation data containing a rich source
of reliability information and consequently offering
many advantages over time-to-failure data(Nelson,
1900; Meeker and Escobar,1998; Wang, et al.,
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2011). General discussions of degradation models
and their applications are given by Meeker &
Escobar (Meeker and Escobar, 1998) , Singpurwalla
(Singpurwalla, 1995), Huang (Huang and An, 2009)
and Nikulin (Nikulin, et al., 2009).

Basically, there are two principal methods
being widely used: the degradation path approach
and the stochastic process approach (Nikulin, et
al., 2009; Guo, et al., 2013). The degradation path
approach was developed by Lu and Meeker (Lu
and Meeker, 1993). It focuses on the inter-item
variability and thus can be used to estimate the
lifetime distribution for the population, see Park
and Bae (Park and Bae, 2010), Fan et al (Fan, et
al., 2012). However, the degradation uncertainty
for an individual is not taken into account in
this kind of models. A stochastic process model
focuses on the individual item behavior and can
remedy the shortage of general path models (Lu
and Meeker, 1993; Pandy, et al, 2009). This
model assumes that the degradation is a random
process, for instance, the gamma process (Pan and
Balakrishnan, 2011; Cheng, et al., 2012) and the
wiener process (Brownian motion)( Lim and Yum,
2011; Wang, 2009; Wang, et al., 2011). Because
the Wiener process model can describe a non-
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monotonic degradation process with Gaussian
distribution, and provide a good description for
some system behaviors (Barker and Newby, 2010),
it has been widely used in previous studies. Guo et
al (Guo, et al., 2013) deals with mission-oriented
systems subjected to gradual degradation modeled
by a Wiener stochastic process within the context
of CBM (condition-based maintenance). Wang
(Wang, 2009) studies the maximum likelihood
inference on a class of Wiener processes with
random effects for degradation data. In this paper,
therefore, we choose a Wiener process to describe
a product’s degradation.

The main objective of this study is to obtain the
Bayesian estimation of the reliability with wiener
process. The loss function is one of the key factors
for the Bayesian assessment (Berger, 1980). Typical
loss functions include the quadratic loss function
(Yu, 2007) and the linear-exponential (Linex) loss
function (Doostparast, et al., 2013) . The quadratic
loss function is mainly applied in the situation that
the over estimation and the under estimation are
of equal importance (Jaheen, 2004). In practice,
however, the real loss is often not symmetric. For
example (Singh, et al., 2008), supposed a producer
of integrated circuits aims to estimate the failure
rate of his product. If his estimation is larger than
the real value, he has to incur additional expenses
to improve the technology and to increase the
reliability of this integrated circuit. On the other
hand, if he underestimates, he may lose customers
and reputations in the market. In the extreme case,
the under estimation of failure rate may even lead
to complete ruin. Linex loss is one of the widely
used asymmetric loss function and can cope up
with such situations effectively. For this reason,
we obtain the Bayesian estimation based on the
Linex loss function.

The linex loss function is defined by (Varian, 1975)
L(O-0)c(e""? —v(0-0)-1),a =0 )
where 6 is the estimation of 6 and v is the shape
parameter. The sign and magnitude of v represent
the direction and degree of asymmetry, respectively.
When v <0, L(A) rises exponentially when A <
( 0<6 ,underestimation) and almost linearly when
A>0(6>6, overestimation). Conversely, when
v >0 the linex loss function is exponential to the
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right of the origin and linear to the left. It is easy
to verify that the Bayesian estimator of & under the
Linex loss function is obtained as

A 1
O=——InE(E"I
v ( x) )

where E stands for the posterior expectation.

The remainder of this paper is as follows.
Section 2 introduces the Wiener process model. In
section 3 we fuse the failure data and the degradation
data, and obtain the Bayesian estimation based on
the Linex loss function using both non-informative
and conjugate prior distributions. Section 4 presents
Monte Carlo studies to validate this method.
Section 5 makes some concluding remarks.

Degradation Model

Definition 1 (Lindqvist and Skogsrud, 2009) A
stochastic process { X (¢),¢ > 0} is a Wiener process
with drift coefficient # and variance parameter
(diffusion coefficient) o~ if the following holds
(1) X(0)=0;
(2){X(),t 20} has stationary and independent
increments;
(3) For every t>0,X(¢) is normally distributed
with a mean of ut and variance of ¢
According to the failure physics analysis,
when the amount of the performance degradation
reaches a pre-specified critical level at the first time,
failure occurs. Let 7' denotes the failure time, then
T(D)=inf{t: X(¢) = D;t >0}. References (Yu,
2003; Wang and Xu, 2010) show that the failure time
T(D) follows a Inverse Gaussian(IG) distribution.
The density function of IG is written by

— Ll 2

D ., (D)

J&:D,p,0)=—==1"e
Py o

3)

and the cumulative digtributiori qunction 1S n
e H —pl—
F(t:D,41,0) = D) + exp(Z52)d(
ot o’ ot
where @ is the standard normal cumulative
distribution function.

Denote the observed performance value
by X(;) for product i(i=1,..,n) at time
i 0=t,<t,<..< " then  degradation
¥ncrements Ax, = X(tij)_' X(tep,) ‘at the time
lnterVal Ati]‘ = tif _t(i—l)j a(l = 1,...,”1,_] = 1,2 ,...,ml-)
follow the normal distribution in line with the

) (4)
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definition of wiener process. The density function
of Ax,, is )
’ (Axy - /,lAlij)

1
F(Ax,) = ——— exp(-
S f 272'62Al‘ij 20 zAtij

The likelihood function based on degradation data
is

fi(&x; p,0) = ﬁH

i=l j=1

) )

2
ij _ll’lAtij)

202At.. )

\/?

n o m

1 nom 1
oo (— N”eXp{ 1YY A 2#22% ZZ ]
o’ i=l j=l i=l j=l llllAt
where th =
i=1
The likelihood function based on life data is2
_ —ut,)
o 312 oo (D— ut,
fz( /J ) H\/? ( 20'2fk )
1 ol mg D2
o< (=) +2 -
O k=1 tk
Therefore, the likelihood based on the

degradation data and life data is
S (Axt p1,0) = f(Ax; p1,0) £, (8 1, 0)
L vim 1 ;
o (2 ent L u-22 14, -2
o’ 20 4 4 (6)

my

where 4 ZZAt +Ztk,A2 sz +Dmy,

i=l j=I1 i=l j=I1

n m 2

=33

tljl ,

+Z—

k=1 tk
Bayesian Estimation Based On Linex
Loss Function

(1) Bayesian Estimation with Non-informative
Prior Distribution

When there is no information of parameters # and

o, we select the Jeffreys prior distribution, since

this probability density functions has maximum

entropy in a given range. Probability density

functions of # and o~ are

1
7 (u) e 1, ﬁ1(02)@§

Then their joint prior distribution is

ﬂl(lu’gz) o« 3
o
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According to the Bayesian theory, the posterior

density function of # and &~ is
f(Ax t,u,0)m (u,0 %)

s I =

) T et 1.0 i d”
(€]

OCL(L)(NH?!O)/Z
A=y a2 )

1 B . ( B’ 7
oc (;)Bl+l eXp(_T:z) ECX [—1273]
where B, = (ot m, =1) , B, = 444 , B, _4

2 2 T4

and O denotes the parameter space.

Therefore, the posterior density function is given
by 7,(u,0° 1 x) [ IG(B,,B,)N(B, 0'2/A) ®)
The posterlor density functlon of o’ is written as

(o’ Ix)—j (w0’ x)du IG(B,,B,) ©)

The posterior dens1ty function of # is

ﬂl(ylx)—j. 7, (1, o’ x)do?

__T©@BDD) L aB pegan (10
T(B)W274B, /(A 2B1 JB,/(BA) t(2B))

The posterior density function of # subjects to
the Student’s ¢ — distribution with 2B, degrees of
freedom.

Consider the squared error loss function and
the Linex loss function (1) and (2). Bayesian
estimates of 4.c° and R(f), when the prior
distribution is taken to be noninformative prior
distribution 7, (1£,67) are obtained

Now, we infer Bayesian estimates of x, o’
and R(?) against the squared error loss function and
the Linex loss function when the prior distribution
is 7, (u,0°).

Bayesian estimates of ¢, & and R(¢) against
the squared error loss function are, separately,
obtained

Slel(ﬂlx)zli? (11)
N © p R B B
631 =E1(02 | x) =j 5 (LQ)B1 1 exp(——i)gzdoﬂ =2
0 F(B1) o o Bl (12)

where E, stands for the posterior expectation
based on the noninformative prior distribution.
Thus, the Bayesian estimate of reliability
function R(#) with squared error loss function
under noninformative prior distribution is written
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as
Ry, () =1-F(#; D, fi5,,6,) (13)
Similarly, for the Linex loss function we have
. 1 o
i, =——InE(e™Ix)
1%
_ —lln J-we’v" I'(2B,+1)/2)
1% 0

I(B)27\B, I(4)

1 u—B, —(2B+1)/2
[1+—( V1A 2 d
2B, /B, /(B4) (14)
&2 = —1 InE (e Ix)
=—= {j B — (— ! -) exp(—i)exp(—vaz)df} (15)
v T(B)o o’

Therefore, the Bayesian estimate of reliability
function R(#) with squared error loss function
under non-informative prior distribution is

R, (t)=1-F(t:D,f,,,6,,) (16)

(2) Bayesian Estimation with Conjugate Prior
Distribution
We choose the conjugate prior probability density
function defined by a normal-inverse gamma
distribution. The conjugate prior distribution can
be taken as 7, (u,07) oc IG(a,b)N(c,dc”) (17)
Therefore, posterior distributions of /£ and &2 for
the degradation data and life data can be obtained
in the following form

1 pous B +b
71_2(/1,0_2 |x) oC (?)31 5/2 CXp(— 2 )o
1 (ﬂ_c)z Al(,u—B%)z
—exp[— - -
o ol 2do’ 20° ] s
1 pas 1 4
o (_2)31 512 exp[——z(Bz +b+ A2 1)]
= r [ O: 2
—exp[— Al(ﬂ_Aaz/Al) ]
20 5 (18)
1 B, 1 A/(u—B;
O O
IG(B,,B))N(B,,* | 4)
Where
1 ' c2 2
A E—l—Al,AQ +AB A d+A1B3’
’ 12 ’
B/=B +a+3/2, B;=B2+b+w

and B! = 41/ 4.
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Then the posterior distribution function of o
will be
7, (6’ 1x) IG(B!,B)) (19)
and the posterior distribution function of # is
obtained as

7, (ul x) = j:%(y,az | x)do?

_ (BE)B{ /Al' = 1 giosa 2B+ A (u-B) .,
&) \2r IO (0'2) exp(— 2o > do
B (2B +1)/2)
,}23{72’F(B{) B} I(B/4))
1 _B’ — '+ ’
[1+—( ,L'l ’3 : )2] (2B]+1)/2 t(2B) (20)
2B B, /(B/A])

Then Bayesian estimates of 4, o and R(f)
against the squared error loss function are,
separately, obtained as

fe, =E,(ulx)=B; (21)
G5, =E, (0" 1x) =B,/ B/ (22) and
R, (t)=1-F(t;D, i, ,6,) (23)

where E, stands for the posterior expectation based
on the conjugate prior distribution.

Bayesian estimates under conjugate prior
distribution 7,(#,6°) based on the linex loss
function will be

. 1 -
L, =——InE, (e |x)
v

1, =, (2B +1)/2)
_——lnj e .
v 0 2BiaT(B)\B, /(B4)

24

[1+ 1 H— B’ ) ]7(23,'+1)/2dﬂ
2B/ /B, (B/4])
61, :—llnE (e_""'r | x)
_ B'B] 1 B'+1 B; 2 2
——;1 {j m;)( D" exp-—exp(-vo)do} (as)

Finally, the Bayesian estimate of reliability
function R(z) under conjugate prior distribution is
written as

feLz(t):l_F(t;D’/}Lz’OA-Lz) (26)

(3) Estimation of Hyper Parameters

For the product i, the observed performance value
is X(#;) at time t; (0=¢, <, <..<{,,), then
degradation increments Ay, :X(ty.)—X(t(i,w) at the time
interval Af, =1, -1, (i=1,,nj= 1,2,---,m;)
follow the normal distribution in line with the
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definition of wiener process.
The likelihood function based on the degradation
data is

Jai (B, 00) =
’ H ZﬁUiZAll]- ZO'iZAtij

Then the log-likelihood functlon is obtained as

(Ax, — L)
lxmwwﬂ%—Jh() S A
’ S 207N

The Maximum likelihood estimate is obtained as

1 LAY,
2n

=

i Ax ,u At )

j=l if (28)
According to Eq. (17), we can obtain

7,(c?) 1G(a,b),
Using the moments method, estimations of ¢,b

can be written as

i =
(27)
&2 =

_ L
m,

1

b 13 2 _ 5
a— n - l
2 n
N S
(a-D"(a-2) n-15
So
2*
a=—-L—+2
(%)
b=(a-1)5" (29)
Similarly, we can get 7, (u15°) N(c,d5") and
é = l Al = /7
n i=1
== -y
G (n-1)o " (30)
Numerical Analysis

In this Section, a numerical study will be performed
to compare the differences between Bayesian
estimators under squared error loss function
and that under Linex loss function using both
noninformative and conjugate prior distribution.
The accuracy of each estimate is measured by
its mean square error (MSE). It should be noted
that if the close form of the estimate can not be
obtained, a numerical integration technique will be
adopted. For the comparison of various Bayesian

402

estimators, we specify different values of n,m,
and v. The estimators and MSEs of estimators
~ A2 oA ~2 ~ A2 ~ ~2

Hgys Ogps Myp Opp Mgy Ogy My, and O, are
displayed in Tables 1, 2 and 3. Furthermore,
Figs. 1 and 2 present the Bayesian estimations of

reliability functions f?u (t) and f?Lz (t) with different
prior distributions. All estimates are obtained when
D=5n=8m, =6andm =m,=---=m, =21.

Based on estimates and MSE values, following
conclusions can be drawn from these tables and Figs.
(1) The estimate values against Linex loss function
approximate to the estimates against the squared
error loss function as v — 0, which indicate the
estimate against the squared error loss function
can be approximated by that against the Linex loss
function. Therefore, the Linex loss function is more
widely used than the squared error loss function.
(2) The estimate values against Linex loss function
are greater than the values against the squared error
loss function when v < 0. Conversely, when v >0,
the estimate values against Linex loss function are
smaller than the values against the squared error
loss function. Considering the different damages
caused by overestimation and underestimation,
suitable value of v can be selected to reduce the
risk. Therefore, the linex loss function is more
flexible than squared error loss function.

(3) As shown in Fig.1 and Fig.2, the estimations

R, (t)and IQLZ (t)are in good agreement with the real
reliability function, which shows that the estimates
against linex loss function is very promising.

(4) As shown in Tables 2 and 3, the MSE values
for the parameter x against linex loss function are
smaller than the MSE values against squared error
loss function. And the MSE values for the parameter
o * almost equal the MSE against squared error loss
function. Therefore, the Bayesian estimates against
linex loss function are more suitable to evaluate
the location parameter 4.
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Figure 1: The Bayesian Estimation of the
Reliability Function for Wiener Process with
Noninformative Prior Distribution Against Linex Conjugate Prior Distribution Against Linex Loss
Loss Function (#=09,0% =0.08,v =5). Function (#=0.9, 0> =0.08, v=5).

Table 1: Estimates and MSEs of the Parameters with Different Values of v (x =0.9,6% = 0.08)

Figure 2: The Bayesian Estimation of the
Reliability Function for Wiener Process with

v -5 -3 -1 -0.5 0.5 1 3 5
Q. 0.9065 0.9065 0.9065 0.9065 0.9065 0.9065 0.9065 0.9065
ST (1.4169e-  (1.4169¢-  (1.4169e-  (1.4169¢-  (1.4169¢-  (1.4169¢e-  (1.4169e-  (1.4169¢-
004) 004) 004) 004) 004) 004) 004) 004)
Q 0.9068 0.9067 0.9066 0.9066 0.9065 0.9065 0.9064 0.9063
1 (1.4491e-  (1.436le-  (1.4232e-  (1.4200e-  (1.4137e-  (1.4106e-  (1.398le-  (1.3858e-
004) 004) 004) 004) 004) 004) 004) 004)
a 0.9060 0.9060 0.9060 0.9060 0.9060 0.9060 0.9060 0.9060
52 (1.3308e-  (1.3308e-  (1.3308e-  (1.3308e-  (1.3308e-  (1.3308e-  (1.3308e-  (1.3308e-
004) 004) 004) 004) 004) 004) 004) 004)
a 0.9090 0.9078 0.9071 0.9070 0.9061 0.9060 0.9053 0.9041
2 (1.7954e-  (1.5969e-  (1.4915e-  (1.4824e-  (1.3560e-  (1.3482e-  (1.2684e-  (1.2684e-
004) 004) 004) 004) 004) 004) 004) 004)
&2 0.0871 0.0871 0.0871 0.0871 0.0871 0.0871 0.0871 0.0871
S1 (1.4228e-  (1.4228e-  (1.4228e-  (1.4228e-  (1.4228e-  (1.4228e-  (1.4228e-  (1.4228e-
004) 004) 004) 004) 004) 004) 004) 004)
&2 0.0884 0.0883 0.0882 0.0880 0.0872 0.0869 0.0868 0.0866
1 (1.6605e-  (1.6397e-  (1.6192e-  (1.6047c-  (1.4760e-  (1.4097e-  (1.3894e-  (1.3798e-
004) 004) 004) 004) 004) 004) 004) 004)
&2, 0.0866 0.0866 0.0866 0.0866 0.0866 0.0866 0.0866 0.0866
S2(1.2862e-  (1.2862e-  (1.2862e-  (1.2862e-  (1.2862e-  (1.2862e-  (1.2862e-  (1.2862e-
004) 004) 004) 004) 004) 004) 004) 004)
&2, 0.0868 0.0867 0.0866 0.0866 0.0866 0.0866 0.0865 0.0864
2 (1.3387e-  (1.3227e-  (1.3073e-  (1.3050e-  (1.2975e-  (1.2919e-  (1.276le-  (1.2611e-
004) 004) 004) 004) 004) 004) 004) 004)
Table 2: Estimates and MSEs of the Parameters with Different Values of u,o?
Estimations y22 Uy Ugy Uy
=05 > _0.02 0.5080 0.5078 0.5082 0.5080
o =0 (9.1025¢-005) (8.9049¢-005) (9.4402¢-005) (9.2420e-005)
> 0.06 0.5139 0.5134 0.5141 0.5136
o =0 (2.7753e-004) (2.6280e-004) (2.8290e-004) (2.6799¢-004)
> _ o 0.4738 0.4729 0.4740 0.4732
o = (0.0050) (0.0050) (0.0050) (0.0050)
w=1 o = 0.02 1.0027 1.0025 (3.1705e- 1.0017 1.0016
=0 (3.2410e-005) 005) (2.7976¢-005) (2.7736¢-005)
> 0.08 1.0057 1.0050 1.0047 1.0040
o =bv (1.2978¢-004) (1.2199¢-004) (1.1905¢-004) (1.1270e-004)
> _0.14 1.0072 1.0060 1.0062 1.0050
o = (2.2163¢-004) (2.0481¢-004) (2.0751e-004) (1.9323¢-004)
=16 o — 0.04 1.6018 1.6015 1.5994 1.5990
=0 (5.2449¢-005) (5.1231¢-005) (4.9186¢-005) (4.9759¢-005)
o = 0.08 1.6032 1.6025 1.6008 1.6000
=5 (1.0715¢-004) (1.0298¢-004) (9.6968¢-005) (9.6393¢-005)
o2 =0.16 1.6041 1.6026 1.6016 1.6001

(2.0773e-004)

(1.9796€-004)

(1.9291e-004)

(1.9035e-004)
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Table 3: Estimates and MSEs of the Parameters with Different Values of x4, o

Estimations o S, G2, 67,
05 o°-00y 0028 0.0291 0.0279 0.0288
: (8.2267¢-005)  (5.6885¢-004)  (7.9056e-005)  (6.0436e-004)
s 01036 0.1038 0.1004 0.1006
: (0.0025) (0.0025) (0.0021) (0.0022)
i 0.3066 0.3001 0.2953 0.2896
o =01 (0.0688) (0.0635) (0.0623) (0.0578)
el oy 00209 0.0595 0.0229 0.0374
: (6.0202¢-006)  (0.0032) (1.3138¢-005)  (0.0017)
s 00848 0.0851 0.0842 0.0845
: (1.0393¢-004)  (1.0691e-004)  (9.1957e-005)  (9.4486e-005)
i 0.1494 0.1492 0.1462 0.1460
o =014 34849¢-004)  (3.3620e-004)  (2.7717¢-004)  (2.6829¢-004)
wel6 o _oos 00399 0.0399 0.0508 0.0510
: (1.8728¢-005)  (4.9115e-005)  (1.3393e-004)  (1.4151e-004)
s 00797 0.0800 0.0890 0.0894
: (7.4706e-005)  (7.4243e-005)  (1.5026e-004)  (1.5581e-004)
g 01592 0.1588 0.1654 0.1649
: (3.2234¢-004)  (3.1245¢-004)  (3.2500e-004)  (3.1004e-004)
Conclusions Maintenance Cost of A System Affected by the

Based on non-informative prior distribution and
conjugate prior distribution respectively, the
Bayesian estimates of the parameters x,0° and
the reliability functions R(#) are obtained for the
wiener degradation process. Bayesian estimators
under squared error loss function and Linex loss
function are obtained. Comparisons are made for
these estimators based on simulation study. On the
basis of this discussion, we may conclude that the
proposed estimator performs close to the value of
reliability and is more flexible than the estimators
against squared error loss function. Thus, the
adoption of proposed estimators based on the linex
loss function is recommended.
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