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ABSTRACT. An infinite series solution is obtained for the small deflection of a thin
circular annular plate subject to symmetrical loading distributed over the entire plate
and having several point supports which are situated at equal distances apart on a single
concentric circle. Limiting forms of the derived solution are investigated.

1. Introduction

Thin circular plates with or without central holes are structures which have consid-
erable applications in engineering design and problems dealing with their trans-
verse flexure have been studied both theoretically and experimentally by many
investigators. Bassali (1957) applied complex variable methods to establish exact
solutions in closed forms for the deflections of a thin circular plate supported at
interior or boundary points and normally loaded over an eccentric circle, the load
being symmetric with respect to the centre of the circle. Symmetrical bending of
a circular plate supported at points regularly distributed along the circumference
of a concentric circle is discussed as a special case in the same paper. In two papers,
Kirstein and Wooley (1966, 1968) obtained the deflections of thin circular plates
under symmetrically distributed loading over a concentric circle, the plate being
supported on equally spaced point supports on another concentric circle lying
either within or outside the loaded area. Real variable methods were used by
Williams and Brinson (1974) to study the same problems. Their method of solution
is that of superposition of relevant known results and several examples are worked
out in detail. Comparison of theory with experimental data leads to favorable
conclusions. In a recent paper (Chantaramungkorn et al. 1973), a general solution
is presented for the lateral deflection of a circular plate supported at its periphery
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by an arbitrary number of equally spaced columns and acted upon by an eccentric
concentrated load having various locations. The results of Kirstein and Wooley
(1966, 1968), Williams and Brinson (1974) and Chantaramungkorn et al. (1973)
are essentially particular cases of the general problem treated by Bassali (1957).
In two papers (Bassali and Gorgui, 1960a and b), explicit expressions were found
for the deflection at any point of a circular annular plate under various combina-
tions of edge conditions when the plate is normally loaded by (i) general line
loading along the circumference of a concentric circle (i) a concentrated load (iii)
a concentrated couple (iv) general lateral loadings distributed over the entire circu-
lar ring plate. Bassali (1960) also derived infinite series solutions for the deflections
of a circular annular plate under any normal system of concentrated forces or
concentrated couples in equilibrium, the edges of the annulus being free. Axisym-
metrical bending of circular ring plates was also studied by Heap (1968) who gave
formulae and curves for the stresses and deflections with a variety of constraint
conditions at the inner and outer edges, the plate being under the action of a line
load on a concentric circle, a problem which was extensively discussed by Bassali
and Gorgui (1960a). Other investigations connected with normally loaded circular
ring plates can be found in references (Bassali and Gorgui 1960a and b, and Bassali
1960).

This paper is concerned with the derivation of formulae for the deflection
surface of a symmetrically loaded thin circular annular plate supported at equally
spaced points on a concentric circle. The case in which the radius of the hole tends
to zero is studied and for uniform loading the obtained expression for the deflection
agrees with that of Williams and Brinson (1974, p. 438). Limiting cases in which
the diameter of the support circle becomes as large as the diameter of the plate or
as small as the diameter of the hole are also discussed. The solutions obtained are
based on the classical Poisson-Kirchhoff theory of small deflections of thin isotropic
plates and are exact within the assumptions underlying this theory.

2. Mathematical Formulation of the Problem

The problem to be solved consists of determining the deflection surface of a
thin constant thickness circular ring plate bounded by an inner circle I of radius
¢, and an outer circle I, of radius c,. Both edges of the plate are assumed to be
free and the plate is subject to symmetrical normal pressure distributed over the
entire plate and is supported by m concentrated forces located at equal distances
apart on a concentric circle I" of radius c. Since it is advantageous to work with
dimensionless quantities we introduce the notations

A = ¢lc, Ay = clcy, A =c/cy = A4, (1)

The small transverse displacement w is measured from the plane of the supports.
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Relative to this plane, downward deflections are positive and upward deflections
are negative. If (r,6) are the polar coordinates of any point N in the mid-plane ,
then the deflection w(r,0) at this point satisfies the biharmonic equation

Viw(r,60) = p(r,0)/D, 2)
where V2=qd>+rd+r2d? d=056r, d =3/, 3)

D is flexural rigidity of the plate and p(r,6) is the normal load intensity at the point
N. We shall consider the case

p(r’e) = Pors - 2’ (4)
where p, and s are constants. For s = 2 we have uniform loading over the entire
plate.

In polar coordinates the formulae for the bending moments M,, M,, twisting
moment M4 and shearing forces Q,, Qg per unit length of the middle surface of
the plate are (Timoshenko and Woinowsky-Krieger 1959, p. 283):

M, = —=D(d* + vr'd + vr 2w, (5a)
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Mg = -D(rd* + r7d + r2d)w, (5b)
My = (1 = »)Dr i(d — r7)d'w, (5¢)
Q, = —Dd(Viw), Q= —Dr'd"(V?w), (5d)

where v is Poisson’s ratio for the material of the plate. The intensity V, of the
vertical reaction at either edge is furnished by

V.= Q, - r"'oM,,/36
=[d®+ r'd - r2d + {2 — v)d + (v — 3)r}dw, (6)

where r = ¢, or ¢, according as we are dealing with the inner edge I'; or outer edge
5, respectively. The conditions for the two edges to be free are

M) - =0, (7)
(V)i=g =0, (8)
where j = 1, 2, M, and V, are given by (5a) and (6), respectively.
3. Method and Solution
Letz, = ce“ (t = 1, 2, ..., m) be the m points of support N, where
a, = (t = Da, a = 27/m, m=2, t=1,2,..,m. %)

If P, is the concentrated reaction, measured positively downwards, at the point N,
then

P,= —-Pym (t=1,2,...,m), (10)

where P, is the total load on the plate which is given by

Py =2xn Frp(r)dr, (11)

Substitution from (4) in (11) yields

Py = 2mpo(cs — c})/s for s # 0, Py = 27p, In(cy/cy) fors = 0. (12)




Deflection Surface of a Symmetrically Loaded ... 565

It is known that the singular part of the deflection w at any point N(r,0) near
the point of application of the concentrated force P, is

P
wéin = -8.7T;5 R% lan, (13)

where R, is the distance NN, which is given by
R?2 =12+ ¢ — 2crcos6,, 6,=86 - a,. (14)
Let 1 refer to the region ¢ = r = ¢, between [ and I" and 2 refer to the region

¢, =1 = ¢ between ["and I5. See Fig. 1. Assuming that ¢ = r/c we have (Bassali
and Gorgui 1960a, p. 85)

R? lnR—c[ +(1+ 0% Inc— Q(1+21nC+V2Q2)COSG+Z (nil—
0?
- <
- 1)cos né, (o<1, (15a)
o Q—n 92
RZInR, = cz[ 1+(0+0)Inr—p(1+2Inr+ 0 %)cosh, + ). (H:T -
2
- )cosnGl (e=1), (15b)
+1
It is easily proved that
=m ifn=0
Zcosn0‘=mcosn0 ifn=m,2m, 3m, ... (16)
‘=1
=0 ifn# m,2m, 3m, ...

From (10), (13), (15) and (16) we deduce that

D why = — — D 2InR,

Py o" 1
———D[r2+(r +AInc+c ) & (n—l_

)cos n()] r<c) (17a)
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_ _ Pﬂ[z 3 g B 2 'Q_n(QZ
= 8—,7[6 C+(l' +c)lnr+CZT n—T

- l 1)cos ne} (r=c), (17b)

where the accent on Z indicates that the summation is taken only over integral
multiples of m.

With the abbreviation's + 2 = s’ the particular solution W(r) of (2) correspond-
ing to the load (4) may be taken as

W(r) = por*/(s’s'?D)  incase I (s,s" #0), (18a)
W(r) = por* In’r/(8d)  incase II (s=0), (18b)
W(r) = py In’r/(8D) incase Il (s' =0). (18¢)

The deflection w(r,8) at any point N(r,0) of the circular annular plate will now
be assumed in the form

;w(r,o) = gwm - %lin InR, + Lo(r) + . L,(r) cos nf, (19)
where k = Py/(8npy), (20)
Lo(r) = Ay + Byr® + Colnr + Dyr’Inr, (21a)
L(r)=Ay"+Br "+ Cr**"+ D>~ ", (21b)

A,, B,,C,and D, (n = 0, m, 2m, 3m, ...) are real constants to be determined.
The vanishing of the deflection at the m points of support N, gives

D ,
Ag=kc¥(1+2lnc +2S,,) — = W(c) — By — Cylne — Dyc?lne — ) Ly(c), (22)
0

where

Sm=2 ;(?23_1)’ B 2—1m 12(1 — costa)In[2(1 — costa)] — Iz, (23]

on using equations (1a), (2a), (3a) and (5b) of the Appendix. Hence
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S, =1n2 — 14, S;=1"(In3 - 1), Sy ="%31In2 - 2). (24)
Substitution for A, from (22) in (19) gives

Dw

Po

_D {W(r) — W(c)} + kcz{l + 2Inc+ 2SS, — 1
Po m,

m 2
) 52‘— In R[}

»:
+ By(r* — ) + CyIn(r/c) + Dy(r* Int — ¢?Inc)
+ Z'[An(r"cos nd —c") + B,(r""cosnf — c™")
+ Co(r** "cosnf — 2 * ") + D, (r* " "cos nh — ¢~ ")]. (25)

If W (j = 1, 2) are the deflections at points in regions 1 and 2, then equations (17)
and (19) lead to

j S |
P _ D W)+ Aj+ Bir? + Clinr + D} nr
Po Po

+ ) (AI" + Bir " + Ci2 * " + Dir?~")cosnf
D (2 2 i § (2 2

= — {W(r) = W(c)} + B{(r* = ¢*) + C{ In . + D)(r* Intr — ¢“Inc)
Po

+ ) '[Al(r"cosn® — c") + Bi(r~"cosnf — c™) + Ci(r>* "cosnf —

— " ") + DJ(r* " "cosnf — 2~ "], (26)
where
A} = Ay - ke?lnc, B)=By—klnec,
C(1) =Gy, D = D, @
2-n
Al=A, - B'?n‘—ﬁ , B! =B, [
Cp= o D, =Dy;
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A%ZAO—kCZ, B?_)=B0:
C(2)=C0_kC2, D(2)=D0—k,
kc2+n > (28)
A2= 2 + —
n An? Bn Bn n(n+ 1)
ke"
C2=C,, Di=D, =",
n n n n n(n_ 1)

There remains now the determination of the constants By, Cy, Dy, A,, B,, C, and
D, (n = m, 2m, 3m, ...) from the boundary conditions along I"; and I,. Substituting
from (26) in (7) and (8) and equating to zero the coefficients of cosné (n = 0, m,
2m, 3m, ...) in the resulting identities we obtain the following sets of equations:

A - , . D
2(v + 1)B) + v—cz_l Cj+ {v+3+2(v + 1)lnc;}Dj + - (W'(c)) +
j 0

+ CK W'(c)} =0, (29a)
j
4D D 1 1
0 Z W) + — W) — - W'(c)} = 0; (29b)
G Po i o

' . A 1
(n— DAC! % + (n + 1)Blej" "% + (1 + %)(n + i~ DCie) + (1 - H)(n‘—

— %+ 1)Dicj" =0, (30a)
(n—DAj] 2 —(n+ 1)Blei" 2 + (1 + %)(n —x— 1)Clel — (1 - %)(n +
+x+ 1)Die;" =0, (30b)
where
i=1,2, x=(+vi1-. (1)

For convenience we also introduce the two symbols
o=1-v, B=(0—-v»)/Q1+ ). (32)

It is to be noted that the particular solutions (18) appear only in (29a, b) and do
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not enter into (30a, b). Equations (29a, b) must therefore be solved separately in
the three cases of loading s,s" # 0, s = 0 and s’ = 0. Introducing (18) in (29b) yields

D} = —ci/ds, D} = —ci/4s incase I, (33a)
D} = —lalnec,, D} = —slnec, in case II, (33b)
D} = Ysc7?, D2 = s c32 in case II1. (33¢c)

These values are consistent with the two equations D) = D, in (27) and Dj = D,
— kin (28), where k is given by (20) and (12). Substituting in (29a) for W(c) from
(18), for Dj, D§ from (33), for B), C} from (27), (28) and solving the resulting
linear equations in By, C, we obtain the following values in the three cases of
loading:

Casel. ss" #0, k= (- c})ds.

1 ; ,
By = yores e [ci‘ Inc, — ci'Inc; + (¢} — c$)(2 Bc? + cllnec)
o1 sp )]
+(cs =Y -1 =2
@ -enlt-1-2)] e
. T— [(cs = cs)[l + 1/2[3(/12 - i)] —cilnd; — c3Ink }
0 ZSﬁ(CTZ _ CEZ) [ 2 S 2 s’ ] 1 2 2
1 ) ;
B = 5E=D [ci Inc, — ¢ Inc; + (¢f — 3)(*2 Be? + i+ Inc)
. 1 sB )]
S ey D 2P | _ .
+ (cf — ¢ (s 1 557 | Cy=Cy; (34b)
Bi=B, (= . [(cS -c3) [l + 1/2/3(1‘2 - i)} —cilni, —
0 0> 0 2Sﬂ(CT2 = CEZ) 1 2, S i 5' 1 1
- cilnlz] ) (34c)

where 4, 4, and A are defined by (1).
Casell. s =0,k = —YsInA.
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1 Ind A
=_|th(1+ 2 s ( 2 2 l)]
By 8[ (1 ,8)+lnecz+l_,12 ﬂ,lz+,1lnl11 .
, (35a)
cilni A
= 1 { 2 -1 _2]
0 4(1 _,{2) }'2 + ﬁ In 2'1 »
B = ! [1/2(1 + pB) + Inec, + le- (ﬁlﬁ + In ﬁﬂ, Ci=Cs. (35b)
8 1 - l A’l
2Ini A
B2 = G {,1'2 -1 _2}'
o=Bo, Cp 20— 1M +B 7 In p) (35¢)
CaseIIl. s' =0, k="s(c7?—c3?).
— 1fg o2 1-p _ _1 -2
BO = I3 Co 1= 12" Ini Inec /Zﬂll s
(36a)
1 4y o _lnec oo
CO = g; ['V +5+ 1- 2'2 (lﬂcl A ln(‘q)] ”E 1/8},2,
B)="s c}z[ll{fz- Ini — A" %lnec — '~ ﬂ/sz], C} =Cy; (36b)
B2 =B, Ci=. [1/ £5 4 = Aing =3Zln )] o ADEE it (36¢)
0= Po “o0= g, 1= A2 1 L7) 48 8ALT.

Substituting in (30a, b) for A}, B}, Cl, D} from (27), for A7, B3, C7, D2 from (28)
and solving the four linear equations obtained in A,, B,, C, and D, we find, after
extensive algebraic manipulation

kARG T, s 21-2nf(n _ 2
A, = o(n—1) [t + #7427 {(n = Dty o+ nASt o}

+ (0 = Ded(n + Dy + 0ty o} + (07 = DA, (1= 0+ ndP)], (37a)

kAs" 2+nJ" )
e LA ACRUTAR D

+(n+ Daxe{(n—1t;, + nAdt, o} + (n® — DAt (1 +n — ni3)], (37b)
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ke™"J, .
Co = o 1y PPt 0+ Do+ ndds )

+ (n + D)t (1 = n 4+ ni7H)], (37¢)

ke,

IECEY

[xzt—l,n + xlizn{(n - 1)tn.l + nl%t—l,n}
+(n = Dt_o(1 +n—na)]; (37d)

2-n
Ja —2n
An = n—z(zncz—— 1) [ty + #2472 {(n — Dty o+ ndjt_, ;)

+ (0 = 1e{(n + Dt_,; + nddty .} + (02 — 1A%, (1 — n + ndj)], (38a)

ke™)
Bl =B.. Cl= n
" o n(n+1)

[ty 4 A3 {(n + Dty o + nddt_, )
+ (n+ Dtg_(1 —n+ni)], Di=Dy (38b)

kl;no%"'njn 3 292 2
Ag = An, Bﬁ = m [H tl,n + x /12"{(n + l)tl,O + MZt—l.—n}

+ (0 + Dx{(n — Dty , + nddt, o} + (0> = DA, o(1 + n = nd )],

Ci=C, (392)
kel o
121 = n(n = 1) [uzt—n,l * )M'Zz {(ﬂ - 1)tn,O F rl’lgt—l,n}
+(n— 1Dty (1 +n- ni )], (39b)

where n = m, 2m, 3m, ... and
It=(m + 2 — DA™ = ) — (A" — A", ;= A% — 33 (40)

The constants in (25) and (26) are now completely determined and explicit for-
mulae for the deflection surface are now given either by the single form (25) which
is valid at any point of the circular annular plate (c, = r = ¢,) or by the two forms
(26) which are valid at points of regions 1 (¢ = r = ¢;) and 2 (¢, = r = ¢). Having
found the deflection corresponding to the load (4) the principle of superposition
can be applied to obtain the deflection surface of the annulus when it is subject to
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any symmetric loading that can be expanded in the form

p(r) = ianr".

Formulae for the moments and shears at any point can be found by applying
equations (5).

4. Symmetrically Loaded Circular Plate
Supported by Point Forces
Regularly Distributed on a Concentric Circle

Assuming that the load intensity is given by (4) where s > 0 and letting c, tend
to zero in the foregoing values corresponding to case I we get

SR

= l —_+l _—2 = ie—
By k[necz S LB g A,k 4’ (41a)
Co =Dy=B,=D,=0, (41b)

k 2_[1—;& 1 /1%}

=g o~ 2 41
An xlzcz nn-1) n-1 nl’ ¢He)

k 1 ,13]

= - A" - — ‘ 41d
G x2c2[n n+1 (410)

Inserting these values in (25) leads to

Dw ' —¢ s 2 [ k (S 1)}
kS S > - - 22
. o572 k(r* —c%)jlnec, S + 1L ==&

1 m R2
+ kcz{l +2Ine + 28, — t; ?; lnR‘}

+ 510 - ABT0.0) = TuE0) + lo(w6) -

- Im()"%ao)} + r2Gm(u70) - CZGm(;L%vO)]’ (42)

where




Deflection Surface of a Symmetrically Loaded ... 573

k = (c3 — c))ds, u = 043 = rdy/c,, (43a)
ru cosn0
Tr(u,0) =) o~ {43b)
[(u,0) = Z'(}é - 1—)u"cosne (43¢c)
myE n n-1 ’
Gp(u,0) = Z' (l - - 'i)u"cosne (43d)
me n n+1 )

The infinite series (43b, ¢, d) can be summed by using equations (1), (2), (3), (4)
and (5a) of the Appendix and we get

Aln(u,8) + r’G(u,0) = Ar2 — Z (F+ct—2crcos)In(l + u? -

m /=

— 2ucos6,). (44)

Substituting from (14), (23) and (44) in (42) and setting s = 2, s’ = 4 it is found
that the resulting expression corresponding to uniform loading agrees with equa-
tion (34), p. 438 of Williams and Brinson (1974) on noting the difference between
the notations used. Agreement with the more general result given by equations
(3.2a), (3.2¢), (3.3) and (3.13) of Bassali (1957) is also checked.

5. Symmetrically Loaded Circular Annulus
Supported at Points Regularly Distributed
Along the Outer Edge
The values of the constants in (26) (j = 1) are here obtained by letting ¢ tend

to ¢y, setting 4, = 1 and 4, = 1 in equations (34b), (35b), (36b), (38a) and (38b).
Thus we get

Case I

S

Ci= ésﬂ(ffl)[(l g’)(l'rs)_'"l]’ D‘%:*Cs_]'

B | mpe e+ ot (24 Ba-a)-mi].
r (45a)
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Case 11
A
Bl = 21? [1/2(1 + B) + In’ec, + %2 8- lnl)] ;
Z > (45b)
Inl InA
G = 4(cll_n,12) (1 - %) . Dy = —'alnec,.
J
Case 111
1 - p)A%InA
B, = 1/8072[(71 ﬂ_)lzL - 1hp— lnecz] >
(45¢)
11 2vIni 1 -2
Co=14 o ik —Inc;|, Dy='hei”

In the three cases of loading the formulae (38a, b) for A}, B}, Cl and D/ simplify to

4kc3 ",
A,l, = Wﬁ [Kzt_n" + (n - l)xt_n'o + (n2 - l)t()vl], (463)

| k3", ., 5
B, = a_nzm [#°t;, + (n + ety + (0 = D)ty o], (46b)

4kc3"J,
G, = m [#ty—n+ (n+ 1o ], (46¢)

4kch)
D; = an(n—z—nl) [t_1n+ (n = Dty o], (46d)

where k takes the appropriate value in each case.
6. Symmetrically Loaded Circular Plate
Supported at Points Regularly Distributed
Along the Edge

Letting ¢, tend to zero in the results of the foregoing article corresponding to
the loading p = por* ~ 2 (s > 0) gives
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S
B) = —k(1+ E) , Cl=Di=0, k=2,
s s s
(47)
4ka3""(n+x — 1) dkce3" :
| — Bl=0, C,[\=‘— 5 DnZO.
An xon*(n—1) " xon(n + 1)

When these values are introduced in (26) (j = 1) the following formula for the
deflection surface is obtained:

Dw D . . c§(1 ﬂ) .
= (P =)+ 22+ E) (2 -
Po ?s'rpo( c’) Ashs T & (e —19)
¢ 1 (l—x " ) . g“”cosne—l}
+ = = + 1- )+ =— 48
sxazn[ n n—1 tL=p"edmnd] n+1 ’ (48)

where o = r/c,. The infinite series appearing in (48) can be summed on noting that

111 1
nn-1) n—-1 n  nn+1)

1_
n n+1’

and applying the results in the Appendix.

In the particular case of uniform loading and two point supports at the ends
of a diameter the expression (48) agrees with Nadai’s result given by equation (g),
p. 294 of Timoshenko and Woinowsky-Krieger (1959).

7. Symmetrically Loaded Circular Annulus
Supported at Points Regularly Distributed
Along the Inner Edge

Letting ¢ tend to ¢, putting 4, = 1 and 4, = 4 in equations (34c), (35c¢), (36¢),
(39a) and (39b) we find the following values for the constants in equation (26) (j
= 2):

Case I

cs 1 1, BY e
(49a)

G g [ 0( 4 2) mi] . ge-2
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Case I1
1 2
Bi= L[+ p) e ieey+ T 5 )|,
> (49b)
5 cilnl InA
= 4(1'___125( + ﬂ) , D§{= —llnec,.
B = 1/sc52|:1] —_7113; Ind =18 - Inec,} 5
S (49¢)
111 2v2%1In A _
Ci= P L_T (1 o+ 1 _72‘) - lncl} , D§=1kc3%
In the three cases of loading we have
4ke3~"J
A2 e nor 2 _ 2 _
2= ey IR+ (0= Dot + (07 = Dty ) (302)
4kci* ™,
B: = Oinz(lTi-T)' [t + (0 + Dty _y + (07 = D)t ], (50b)
4ke7™
Ch = e [ty + 0+ Dty (50e)
4kclJ
D2 = et o+, — . d
" on(n ) om0 = Dtog) (50a)

8. Symmetrically Loaded Circular Plate
Supported by a Single Column
at the Centre

The limiting values of the constants given by (49a) and (50) as ¢, tends to zero
are

G
B(z) =4—s(1+lncz_

+S‘3), =0, D3=—4% (s=2),

1
s  2s

(1)
Al=Bi=Ci=D2=0.
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When these values are substituted in (26) (j = 2) we obtain the formula

Dw ¥ c§r2( 1 sB r)
s g T (1-2+ 2 _mz], 2
: § 28 nc2 (52)

for the deflection surface of a circular plate subject to the loading (4) (s > 0) and
supported by a single column at the centre, the edge being free. The same formula
is arrived at by letting c tend to zero in (42). The maximum deflection at the edge is

_ Pocs (i ; )
wmax 4S’D S/ + /25}{ (53)
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Appendix

In this appendix we find the sums of the four infinite series

+ x"cosnf » x"cosné
H = y H =i = PR
. Z n 2 n+1
x"cosné + x"cosnd
H, = '—n—l and Hy=) — >,

where 1 = x = 0, 7 = 6 = 0 and the accent on Z indicates that n = m, 2m, 3m,
oo (m=2).

Let &, = xe " where 6, = 6 — a,,
a=(t—-1Da(t=1,2,..,m);a=2a/m.
(i) To obtain the value of H; we consider the function

(Cbadm) = - Lln-t) =) ¥ &

t=1 t=1n=11

Ref = Z X icosn0,= - iReln(l—Cl).
t=1

n=| =1

Applying equation (16) we get
H,=— LS iln(l + x* — 2xc0s 6,) (1a)
2Zm o v

The same series can be written in the form

@©

x™kcosmkf 1
K=1 mk m

wherey = x™, ¢ = mé.

i y¥coske
= k

Hence we have

1 0 ip\k .
H =g Y 8 ) =—$Reln(1—ye'¢)=

1 m
— g In(1 + x*™ — 2x™cosm#). (1b)
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(i) To evaluate H, we consider the function

m et n m
gt m =2 Y o == ) [1+&'n(1-g))
(=in=yn+1 (=1
o0 n n 1 ; R
Reg =HZ] n)-(k : :Z’l cosnf,=mH, = —m — = Ree'In(1 — xe %),
Hence
1 & 5
H,=-1- Z 2cos6,In(1 + x* — 2xcos b))
mXx =
(2a)
— sin6,tan~! 506 }
‘ 1 —xcos@,]
Noting that
i{xH } =) x"cosnf=—1+ i ykcosk¢ = —1 + Re !
dx'? x=0 1~ye?’
we deduce that
Hy=— 24 L f 1 dt 2b)
2T 2 T 2%y 1+t _2t"cosmf (
(iii) The value of Hj is found by considering the function
m el CI: m
h(G6onbm) = 2 ), == ) Lin(1 - &),
t=1n=21 t=1
2 n LLL) . .
Reh = z == Z cosnf, = —xRe{e #In(1 — xe %)},
n=2 1" 1=
Thus
=2 i 12 cos@,In(1 + x* — 2xcos ;) + sin 6 tan'lﬂ—] (3a)
Hs_—E_l 2cosiln(l + x ! ! 1 — xcosf,] "’
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m-2 2m -2

) d H3] 1 Xx™~?cosmf — x
S P L0 L P - . Sy
et ax { X ¥ Z x'cosnf = 1+ x2™—2x"cosm@ ’

we have

Y ™~ %(cosm@ — t™)

H. = i
3= X I 1+ 2™ — 2t™cos mé (36)
(iv) We now consider the function
= Gh o EBn(1 —u)
SRR o b S S
‘Z1n=1 D t=10 u
& I n(1 —
ReF = Z Zcosne ~) Re | o= 5 4
n=1 n? t=1 =1 0 v
This leads to
dv
H, = Z j In(1 + vx? — 2vxcos6,) — . (4a)
m t=10 v
This series can also be written as
1 & yreoskep 1 Z o (ye?)s 1 L In(1 —vye'“’)
which yields
H, = 21 — J' In(1 + x*™v? — 2x™vcosm#) dTv , (4b)
17
= 4c
L n’°  6m’ (de)
Since
1 1 1+ 1 1 _ 1 11 (52)
nn+1) n’ n n+l > npn-1 n-1 n n*’
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2 _ 1 12
nn’~1) n+1 n-1 n

Ll

we can easily obtain the sums of the infinite series

+ x"cosn@ Z x"cosno » x"cosné

ot L oomon ™ L aweny
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(5b)




582

ww&;,&;bwdﬁmc\zﬂ
ke Yl o 3 5 g Wil Lo ses

éL...v nij Ua&cp}
@ﬂl—@ﬂ/wb—pM/w-ongIrJ

e Yl I3 o o sle] (Sl ol 1
B, 4 s Al 3 ad 316 el Gagpandl i
S il e 30 Flin pnt S i o el
ie) Ml saas V) s sde G5b degutgn dgldl 4SS Lee
i By G5 50 It e e ULy

CJold Lol N 5L DY




