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ABSTRACT. Let D be the total number of Schistosomiasis eggs produced by an individual
in a day, counting only those eggs which leave the body, and let § denote the number
of eggs observed on a slide under the microscope and p the probability that a given
egg ends up in a given slide. Assuming that D follows a negative binomial distribution,
the distribution of § and that of D given § are studied.

Explicit expressions for the conditional mean and variance of D given S and for
the probability of a false negative slide are obtained. Two different cases are consid-
ered. In the first case, p is assumed to be constant, and in the second, more general
case p is assumed to follow a beta distribution. In either case, the probability of a false
negative slide, which is a measure of the insénsitivity of the laboratory test, is shown
to ultimately decrease with the degree of clumping of the daily egg excretion D.

I. Introduction

Schistosomiasis, one of the most important helminthic infections, is endemic in
many parts of the world and is estimated to afflict nearly 5% of the world popula-
tion with more than twice as many at risk (Jordan and Webbe 1969, Iarotski and
Davis 1981). The disease is caused by flatworms (Schistosomes) the main types of
which are S. haematobium, S. mansoni and S. japonicum.

Unlike microparasitic infections, where categorization of individuals into sus-
ceptible, infected, etc., is quite an adequate frame for describing the epidemiology
of the disease, for helminthic infections, models must take into account the dis-

* Permanent address: School of Mathematical Sciences, University of Khartoum, Khar-
toum, Sudan.

237




238 A.G.A.G. Babiker

tribution of the number of worms harboured by an individual. Thus, for Schis-
tosomiasis, the problem of relating sample egg-count (an observable quantity) to
worm load (an unobservable quantity) becomes quite important. For studies of
this relation, we refer to Cheever (1981) and Cheever et al. (1977).

Published prevalence data is mainly based on egg counts in small samples of
urine or faeces, depending on the type, and thus tend to underestimate the prop-
ortion of individuals infected. The method of testing for S. mansoni used in the
Sudan and many other places uses 75 mg of faeces, and the average daily output
of faeces is in the range of 150 g, so that the proportion tested is at best of the
order of 1073, It is widely accepted that schistosomes are not randomly distributed
among individuals, but tend to be distributed in an over-dispersed or clumped
fashion, i.e. a small proportion of the individuals carry most of the worms in the
community, and there is empirical evidence to support this (see Bradley and May
1978, Anderson and May 1982). It is, thus, likely that the total number of eggs
excreted daily by an individual is also aggregated or clumped. A simple theoretical
distribution which describes this clumping quantitatively via a single parameter k
is the negative binomial distribution. The smaller the value of &, the more clumped
or over-dispersed is the distribution. As k tends to infinity, the distribution tends
to the Poisson distribution, which is the case when the eggs are randomly distri-
buted.

In this note we, therefore, assume that the number of eggs excreted daily by
an individual follows a negative binomial distribution. We derive the distribution
of the number of eggs seen on a slide and obtain expressions for the probability
of a false negative as a measure of the insensitivity of the test first under a simplify-
ing homogeneity condition and then under a more realistic hetrogeneity assump-
tion. It turns out that beyond a certain degree of clumping of the daily egg excre-
tion, depending on the intensity of the disease in the community, the sensitivity of
the test increases with clumping.

I1. Notation

Let D denote the total daily egg excretion of an individual in the community.
We assume that each egg has a probability p of appearing on a given slide, and
we denote by S the total number of eggs on the slide. The quantity p will depend,
among other things, on the proportion of the amount of faeces tested. Typically,
E(p) is of the order of 107, We assume that D has a negative binomial (N.B.)
distribution with mean # and clumping parameter k. For the distribution of p, we
consider two cases: in the first of which we make the simplifying assumption that
p is a constant, and in the second case we assume that p has a beta distribution.
The reason for this is that the family of the beta distribution is relatively simple
mathematically, yet, being a two-parameter family, it includes a vast number of
distributions over the interval (0, 1).
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II1. Case I

The probability p is assumed to be a constant throughout this section. The
probability law of D is given by:

d
P{D = d} = (1 — p)X(k), % ;d=0,1,2, ...

where

I'k +
(k)a= % Y= k—:‘-—,u .
We denote such a distribution by N.B. (y,k). For given D, S has the binomial
distribution Bi(D, p), so that,
P{S—x|D—d}~()p"qd"‘;x=0,1,...d; g=1-p.
Hence, the joint probability law of S and D is given by
d

P{S=x;D=d} = (;i)p"qd""(l - (k)4 Z—' ;d=2x=0,1,2, ...

x d—=x
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P{S=x;D=d}=(1—1yp )k ()x( yq)xx

d—x
[a—raror 0, 2
d=x=0,1,2, .. €))

It follows from (1) that

P(S=x) = (1—1”’ )k = (k )x( ’ q)x;x=0,1,... )

a negative binomial distribution with the same clumping parameter k& as D. We
also have

P(D=d|S=x} =1~y "k +X)y-y 7= s d=x,x+1,... (3)

(d )' ’
so that, given § = x, D — x ~ N.B. (yq, k + x).




240 A.G.A.G. Babiker

The conditional mean and variance of D are given by:

(k+x)yq=(1+ ¥q )x+ kyq

E(D|S=x)=x+

1-vq 1-vq 1=y
_ qu kqu
(1+k+p,u)x+k+p/,t )
_ o vak+x) _ qulk+x)(k+p)
YOS =0= 0 0F = vy @

Barring density dependence of the fertility of egg-layers, and ignoring other
sources of variability in the number of eggs layed daily by each paired female
schistosome, the conditional mean and variance of the number of paired schisto-
somes W are easily obtained from (4) and (5) observing that

E(W|S=x)=%E(D|S=x) , and

V(WIS = x) = 112 V(D|S=x) ;

where 4 is the number of eggs produced daily by each paired female schistosome.

3.1. Sensitivity of the Test for Infection

It follows from (3) that, among all individuals with egg-free slides, D ~ N.B.
(yq, k), and so, on the average only a proportion (1 — yq)* of them would actually
be worm free. A measure for the insensitivity of the test is provided by what is
called the probability of a false negative. This is the probability that a slide contains
no eggs when the individual is in fact infected. This is given by:

P{D>0|S = 0}P{S = 0}

P(S=0|D>0} = D=0
(1=(1 = y@HI( = L — y)*
1-(1—p)

iLe.
A-yg*-1_[1-quk+mw]™* -1
A-pF-1 [D-pk+m]™*-1

To investigate the way in which the probability of a false negative changes with
the degree of clumping we rewrite (6) as

P(S=0|D>0} = (6)

flazp,i)— 1 (62)

=0|D>0} = TP, M) =
P{§ =0|D >0} = Q(a; p, u) g =1
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where

1+ ay® U
= —_—,——— — 1 + a d = e

represents the degree of clumping of the distribution of D.
For large a, we have
(1 + ay® = (1 + lay*
= (1 + wa* + 0(1/a®)); and
(1 + pa)™e = (pa) ™ (1 — ulpa® + 0(1/a’)
so that
f=p™" 1 + wa* + 0(1/a®)(1 — ulpa® + 0(1/a®))
= (1 = (ula)log p + 0(1/a?))(1 + wa* + 0(1/a®))(1 — wlpa® + 0(1/a’))
and
g = (1 + (wa)log a + 0(log ala))(1 + ula® + 0(1/a’))

f-1_ —logp+0(l/a)  logp

'.'Q=g—l_ loga +0(1/a) ~  loga

Hence, beyond a certain value of a depending on « and p, Q decreases with a.

For small a we consider the derivative of Q w.r.t. a. Routine computations
show that

o = AP Dlaip) -~ g )
where
A = ufg/{a(l + ay**(g ~ 11 + pay® — 1]E} =0
D = [(1+ ay* — 1)[(1 + pay“s — 1]
B = (l/a)log(1l + @) — 1/(1 + @) and
E = (Va)log(1 + pa) — p/(1 + pa).
Now, lim D = (¢ = 1)/(e™ ~ 1)

and it can be easily shown that




242 A.G.A.G. Babiker

- lim(D = B/E) = (¢ = )(e — 1) = 1p’

1
= sy P~ P D>0

3
.. for sufficiently small a, % > (0 and Q increases with a.

We conclude that for given p and u, there exist two values @, and a, such that
Q increases with a for 0 < a < a,, and decreases with a for a > a,.

3.2. Prediction of D

To predict the value of D for an individual with S = x, the best predictor d in
terms of minimizing E[(D — d)*|§ = x] is obviously the conditional mean [1/(pu
+ k)[(k + w)x + kqu], provided that k and u are known. Otherwise, from large
cross-sectional data on S, we can obtain consistent estimators £ and x and use
D(x) = (—’;/2—1_'_73 [k + A)x + kug] which is a consistent estimator of E(D|S = x).

The method used now to convert § = x to eggs per gram of faeces, is to
multiply x by a constant factor. This has obviously a constant mean square error
as an estimate of eggs/gram as compared with the mean square error of D(x) as
an estimate of E[D|S = x). The latter error tends to zero as the size of the sample
used to estimate x4 and k, tends to infinity.

3.3. A Limiting Situation

The case when D has a Poisson distribution with mean x4 can be treated by
letting k — o keeping u fixed. In this case, § has a Poisson distribution with mean
wup and the conditional distribution of D — § given § = x is Poisson with mean (1
— p) so that

E(D|S = x) = x + uq, and
V(D[S = x) = ugq.
The corresponding probability of a false negative is then
P{S=0|D >0} = (e — e )/(1 — e™).

IV. Case I

We now assume that p has a beta distribution with parameters r and u so that
p has the probability density function
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1 i
f(p)=B(r u)p’ ‘¢~ q=1-p,0<p<1;

where B(r, u) is the beta function I'(r)[(u)/I'(r + u). The probability generating
function ggp of § given D is easily seen to be

1 |
= ——— [p 11 -p)y (1 +p(t-1))°q,
&s10) = g, 5 Jp= A= p)* 7+ ple = 1))°dp
=F(—=D,r;r+u; (1-1) ®)
where F is the hypergeometric function;

5 @0, ,

Fla, b;c; x) = & () >

c.f. Abramowitz and Stegun (1965).
The probability generating function of § is then

80 = gy 17 =Py =gy L EEPEEDIY o g

) N (L
B(r,u) o [1-(1+ p(t—1))y]*
1 . - —k
= Bow) 4 Ip '1-p) 1[1——(t—1)p] dp

Thus,

gs(t)=F(k,r;r+u; 1Zy(t—l)) &)

The xth derivative of ggat t = 0 is

gs9(0) = ( ) Ekk(g: F(k+x,r+x;r+u+x; 1__)/)/)

_B_(r+x,u)

B(r, u) (1 = VXK Y Flk + x, uyr + u + x39)

and so,
l (“)(O) = P{S =
5 8s = =x}

_ B(r+x,u)

B(r, 1) (A= Flk+x,u;r+ u+ x;y) (k). ; ;x=0,1,...  (10)
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We also have,

— e )= — (1_Y)kyd(k) . PO u+d—x—
PiS=xD=d}= B(r,u)x!(d—;)! J” (A =pyre=Tldp

(1 = )Y (k)

S Birhwxl(@—-x PV THutd-x;d=x=0,1,.. (11)
and thus,
B(r+x,u+d-x)
{ 5= B(r+xu)F(k+X,u;r+u+x;y)x
X (k+x)g_p 57— 7 =x,x+1,... (12)

(d—x)t’
The conditional mean of D is directly obtained from (12) as:

uylk+x)Flk+x+ 1L u+1l;r+u+x+1;y)
(r+u+x)Flk+x,u;r+u+x;y)

E(D|S=x)= (13)

We observe that the conditional mean of D is no longer linear in x. This may
very well partially explain the reported apparant density dependent regulation of
egg production as exhibited by comparing data on S and W the number of paired

female schistosomes harboured by an individual (Anderson and May 1982,
Cheever 1968).

We conclude by obtaining an expression for the probability of a false negative.
Using (10) and (12) we get
P{S=0|D >0} = [Flk, u; r + u; y) — 1)/[(1 — y)™* = 1] (14)

We show that this probability tends to zero as k — 0, so again, the sensitivity
of tests increases with clumping beyond a certain degree of overdispersion.

Using the integral representation of the hypergeometric function we write (13)
in the form

PIS=01D>0p =z 110~y = Y[ 7) = 1 #7201y e

B(

1 1{[1—,ut/(,u+k)]_"—1
COB(rou) o L1 —plu+ k)] -1

] TR 6 ) Uy /2 (13a)

Using L'Hospital’s rule, one easily shows that the integrand in (13a) tends to
zero as k tends to zero. Since the integrand is clearly dominated by #~1(1 — £)" !, the
dominated convergence theorem gives the desired result that P{S = 0| D > 0} tends
to zero as k tends to zero.
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On the other hand, as k —

1
et (1= lar,

1
. + .
Flk,u,r+u;y)— B 2

which is Kummer’s function M(u, r + u; u), (Abramowitz and Stegun 1965, Ch.
13); and is also the moment generating function of 1 — p. In this limiting case, D
has a Poisson distribution with mean x# and

M(u,r+u;pu)—1
e —1 '

P{S=0|D>0} =

V. Discussion and Conclusions

Under the assumption that D, the number of eggs produced daily by an indi-
vidual (counting only those eggs which leave the body) follows a negative binomial
distribution, and that each egg has probability p of actually appearing in a given
slide, it follows that the total number of eggs S on a slide has a negative binomial
distribution with the same clumping factor as D. Given that x eggs were observed
on a slide, the conditional mean and variance of D are linear functions of x (c.f.
equations (2), (4) and (5)).

The keto method of stool examination for S. mansoni uses 75 mg of faeces di-
vided into three slides, and the total number of eggs observed is then multiplied by
4043 to obtain an estimate of the number of eggs in one gram of faeces. This implicity
assumes that the eggs are uniformly distributed within the faeces, and, thus, effec-
tively estimates D by multiplying x by a constant factor. The results above show
that a better estimate of D (in the sense of minmum mean square error) is

D) = g [+ e+ kit = p)

where £ and £ are any consistent estimates of  and k the mean and clumping factor
of D. The estimates z and £ may be obtained from large cross-sectional data on S.

An expression for the probability of a false negative slide is given in equation
(6). This probability approximates the proportion of infected individuals who
would be falsely classified as uninfected. Publishéd prevalence data which is usually
based on egg counts is, thus, an underestimate of the prevalence. The probability
of a false negative slide depends on u, k and p. It clearly decreases with p and our
results show that beyond a certain degree of clumping as measured by a = u/k, this
probability decreases with a.

Looking at the more general case,when d is assumed to be a random variable
with a beta distribution, it turns out that the conditional mean of D, given x ob-
served eggs on a slide, is no longer linear in x. This could well give an alternative
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explanation, other than density dependent regulations, of reported data comparing
S and W, the number of eggs observed and the number of paired female schisto-
somes, respectively.

As in the earlier case, when p is constant, the probability of a false negative in
this more general situation ultimately decreases with overdispersion.
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