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On Some (2,3,16)-Groups of Degree N, 16 < N < 25
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ABSTRACT. In this paper we prove that Sy is a (2,3,16)-group for 16 < N < 25, and
that Ay is a (2,3,16)-group for N * 23 and 18 < N < 25,

It is known (Wielandt 1968) that if G is a primitive group of degree N = p + k,
where p is prime and k = 3, and has an element of degree and order p, then G is
either the alternating group Ay or the symmetric group Sy.

Now let G be a finite (/,m,n)-group, that is, a finite group generated by two
elements x and y of orders / and m whose product has order n. That is to say, we
have

¥=ym= () =1
By defining t = (xy)~! we can write the above relation in the form
== =xr=1

In other words, G is a homomorphic image of the finite or infinite (/,m,n)-group
G* defined by the presentation

R=S"=T"'=R§T=1
(Coxeter and Moser 1980).

When G is expressed as a permutation group which acts transitively on N
symbols, let the permutations x,y,z have respectively x; i-cycles (1 < i <), y;
j-cycles (1 < j < m), z k-cycles (1 < k < n). Then there exists an integer g = 0
(Singerman 1970) such that
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I=1 ; m—1 v n—1
26 -2+ in(l—f) + Zy,(l—L)+ sz(l—i) =
l j=1 m k=1 n

Mi-1o1oy o

Since we are interested in the (2,3,16)-groups, we put / = 2, m = 3 and n = 16.
Then it follows easily that

xi=0,i%1
yi=0,j*1
z=0,k=+1248.
Therefore the formula (I) becomes
24x, + 32y, + 45z, + 42z, + 36z, + 24z3 = SN + 96(1 — g) ... (I1)

Application of (II) shows that g = O or 1 for 16 < N< 19and g = 0, 1 or 2 for
20 N=<38.

For a fixed N, the solutions of (II) give the possible cycle-structures of the
generators of the (2,3,16)-groups of degree N. We seek two generators x and y
say, such that

(i) #=y=@r=1
(ii) (x,y) = Syor Ay

Proposition 1
The symmetric group Sy is a (2,3,16)-group for 16 < N =< 25.

Proof

The proof will be provided as a series of lemmas.
Lemma 1.1

Sie is a (2,3,16)-group (Al-Salman 1973).

Proof

Let H = (x, y), where:
x = (0,15) (2,14) (4,13) (5,8) (9,12) 136710 11 £ 25,16
y = (1,2,15) 3,4,14) (5,9,13) (6,7,8) (10,11,12) 0 £ 35,1
z =xy = (0,1,2,...,15) 1 16
o =y = (0,4,2,3,8,10,15,5,13,9,1,6,11) (7,12,14) £13.3
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H is primitive, since the four 4-cycles of z* do not form the blocks of imprimitivity.

Indeed since ocH, H = Si.
Lemma 1.2
S7is a (2,3,16)-group.

Proof
Let H = (x, y), where:

= (2,15) (4,14) (5,6) (7,13) (8,9) (10,12) (11,16)
= (0,1,2) (3,4,15) (5,7,14) (8,10,13) (11,16,12) 6
=xy = (0,1,2,... ,15) 16

o =yz* =(0,5,11,16) (1,6,10) (2,4,3,8,14,9,13,12,15,7)

H = $,;, since H is primitive and o ¢ H.

013
9

N =

Lemma 1.3
Sigis a (2,3,16)-group.

Proof

Let H = (x, y), where:
(0,15) (1,2) (3,14) (4,5) (6,13) (7,9) (8,16) (10,12) (11,17)
(1,3,15) (4,6,14) (7,10,13) (8,16,9) (11,17,12) 02 5

xy = (0,1,2,... ,15) 16 17
=y2 = (0,3,2,5,8,16,12,14,7,13,10) (1,6) (4,9,11,17,15)

Q N %
1 T

Now z and o° show that H is 2-transitive and since 0 ¢ H, H =

Lemma 1.4
Syg is a (2,3,16)-group.

Proof
Let H = (x, y), where:

= (0,15) (2,14) (3,5) (6,13) (7,9) (4,16) (8,17) (10,12) (11,18) 1
= (1,2,15) (3,6,14) (4,16,5) (7,10,13) (8,17,9) (11,18,12) 0
=xy=(0,12,... 15) 16 17 18

= yz' = (0,4,16,9,12,15,5,8,17,13,11,18) (1,6,2,3,10) (7,14)

Therefore H = Sy, since H is primitive and oeH.

Q N =

12713
: 35,12
0 16.1
:10.4.3

: 3;.13
1 16.1%2
:11.5.2

Sis.

|
1361
1 16.13
1 12.5.2.




252 S.A. Al-Salman
Lemma 1.5

Sy is a (2,3,16)-group.

Proof

Let H = (x, y), where:
x =(0,15) (1,2) (3,14) (5,13) (6,17) (7,11) (8,19) (10,18) (12,16) 4 9 o
y = (1,3,15) (4,5,14) (6,16,13) (7,12,17) (8,18,11) (9,10,19) 0 2 s 3512
z =ws= (01,2, ,15) (16,17) (18,19) :16.2?
o =y2 =(0,325,1,6,17,10,18,14,7,15,4,8,19,12,16) (9,13) 11 :17.2.1

Now ¢ and y? show that H is 2-transitive, hence it is primitive. So H = S, since
oeH.

Lemma 1.6
S, is a (2,3,16)-group.

Proof
Let H = (x, y), where:

x = (2,15) (4,14) (5,17) (6,12) (7,19) (8,10) (9,20) (11,18) (13,16) 013 :2°1°
y =(0,1,2) (3,4,15) (5,16,14) (6,13,17) (7,18,12) (8,11,19) (9,20,10) s 3
z =xy=(0,1,2,.. ,15) (16,17) (18,19) 20 :16.22.1
o =yz =(0,4,2,3,7,18,15,6) (1,5,16) (8,14) (9,20,13,17) (10,12) (11,19)

. 3
x* and & indicate that H is 2-transitive. Hence H = S,,, since oeH. 8.4.3.2.

Lemma 1.7
Sy is a (2,3,16)-group

Proof
Let H = (x, y), where:

x =(0,15) (1,7) (2,17) (3,5) (4,20) (6,16) (8,14) (9,19) (10,12) (11,21) (13,18) : 2"
y = (1,8,15) (2,16,7) (3,6,17) (4,20,5) (9,18,14) (10,13,19) (11,21,12) 0 : 3.1
z =xy=(0,12,.. ,15) (16,17) (18,19) 20 21 :16.2%.12
o =yz* = (0,4,20,9,18,2,16,11,21) (1,12,15,5,8,3,10) (6,17,7) (13,19,14) :9.7.3°

Indeed the cycle-structures of the generators show that H must be primitive.
Hence, H = S,,, since 0 ¢ H.
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Lemma 1.8
Sy is a (2,3,16)-group.

Proof
Let H = (x, y), where:

x = (12) (3,15) (4,5) (6,14) (7,19) (8,21) (9,17) (10,12) (11,22) (13,16) (18,20) 0

2117

y =(0,1,3) (4,6,15) (7,16,14) (8,20,19) (11,22,12) (10,13,17) (9,18,21) 2 5 : 37.12

z =xy=(0,12,.. ,15) (16,17,18,19) (20,21) 22 £ 16.4.2.1
0 = y2 = (0,4,9.17,13,16,1,6,2,5,8,21,12,14,10) (7,19.11,22,15) (1820)3

:15.5.2.1

H = S,3, since H is primitive and o ¢ H.
Lemma 1.9
Sy is a (2,3,16)-group.

Proof
Let H = (x, y), where:
x = 2,15 (4,14) (6,13) (8,12) (9,19) (10,20) (11,16) (17,23) (18,21) 01357 22

TP

y =(0,12) (3.4,15) (5,6,14) (7,8,13) (9,16,12) (10,21,19) (11,17,20) (18,22,23): 38
z =xy=(0,12, 15) (16,17,18,19) (20,21,22,23) 1 16.42
o =y2= (0 3.6) (1,4) (5,8,15) (7.10.23.16,14) (9,18,20,13) (11,19,12) (17,22,21)
15.4.3'2.1

Now ¢ and x* show that H is 2-transitive. It then follows that H = §,,, since o ¢ H.
Lemma 1.10
S5s is a (2,3,16)-group.

Proof
Let H = (x, y), where:

x =(2,15) (3,19) (4,17) (5,13) (6,8) (7,24) (9,12) (10,23) (11,20) (14,16) (21,22)
0118 213
=(0,1,2) (3,16,15) (4,18,19) (5,14,17) (6,9,13) (7,24,8) (10,20,12) (11,21,23) 22

38
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2 =xy=(012,.. 15) (16,17,18,19) (20,21,22,23) 24 £ 16.4%1
o = y2 = (0,3,18,17,7,24,10,22,20,14,19,6,11,23,13,8,9,15,5) (1,4,16) 2 12 21
:19.3.1°

H is primitive, since it has no blocks of length 5. Hence, H = S,5 since o ¢ H.
Poposition 2
The alternating group Ay is a (2,3,16)-group for N # 23 and 18 < N < 25.

Proof

The proof will be provided as a series of lemmas.
Lemma 2.1

Ag is a (2,3,16)-group.

Proof

Let H = (x, y), where:
x = (2,15) (3,6) (4,10) (5,11) (7,14) (8,17) (9,12) (13,16) 0 1 : 28,12
y =(0,12) (3,7,15) (4,11,6) (8,16,14) (9,13,17) (10,5,12) : 36
z =xy=1(0,1.2,... ,15) (16,17) 1 16.2
o =y2 = (0,4,14,11,9) (1,5,15,6,7,2,3,10,8,17,12,13,16) £ 13.5

x and o° show that H is 2-transitive. Hence H = Ay, since o ¢ H.
Lemma 2.2

Ay is a (2,3,16)-group.

Proof

Let H = (x, y), where:
x = (0,15) (2,14) (4,13) (6,12) (7,17) (8,10) (9,18) (11,16) 1 3 5 : 28,13
y =(1,2,15) (3,4,14) (5,6,13) (7,16,12) (8,11,17) (9,18,10) 0 : 361
z =xy =(0,1,2,... ,15) (16,17) 18 :16.2.1
o =y2* = (0,4,2,3,8,15,5,10,13,9,18,14,7,16) (1,6) (11,17,12) :14.3.2

Therefore H = Ay, since H is primitive and contains o.




On Some (2,3,16)-Groups of Degree N, ... 255
Lemma 2.3
Ay is a (2,3,16)-group.

Proof
Let H = (x, y), where:

x = (0,15) (1,2) (3,14) (4,6), (5,18) (7,13) (8,16) (9,11) (10,19) (12,17)  : 2
y = (1,3,15) (4,7,14) (5,18,6) (8,17,13) (9,12,16) (10,19,11) 0 2 £ 36.12
z =xy=(0,12,. 15) (16,17) 18 19 £ 16.2.12
o =y = (0,4,11,14,8,17,1,7,2,6,9) (5,18,10,19,15) (12,16,13) 3 :11.5.3.1

y? and o show that H is 2-transitive. Hence, H = A, since o ¢ H.
Lemma 2.4
Ay is a (2,3,16)-group.

Proof
Let H = (x, y), where:
= (1,3) (2,18) (4,15) (5,7) (6,19) (8,14) (9,17) (10,12) (11,20) (13,16) 0 : 2"°.1

= (0,1,4) (2,18,3) (5,8,15) (6,19,7) (9,16,14) (10,13,17) (11,20,12) : 37
z =xy = (0,1,2,. ,15) (16,17) 18 19 20 £ 16.2.13
o =y = (0,5,12,159,16,2,18,7,10,1,8,3,6,19,11,20) (13,17,14) 4 £17.3.1

x* and o show that H is 2-transitive. Hence, H = Ay since 0 € H.
Lemma 2.5
Ay is a (2,3,16)-group.

Proof
Let H = (x, y), where:

x = (2,15) (3,17) (4,13) (5,19) (6,11) (7,21) (8,9) (10,20) (12,18) (14,16) 0 lw .

:2°%1

y =(0,1,2) (3,16,15) (4,14,17) (5,18,13) (6,12,19) (7,20,11) (8,10 21) 9 1371

z =xy =(0,1,2,.. ,15) (16,17) (18,19) (20,21) : 16.23
o =y =(0,5,18, 1 ,6) (2,4) (3,16) (7,20,15) (8,14,17) (9,13) (10,21,12,19) 11 4
£ 5.4.37.23,

Now ¢ and y’2 show that H is 2-transitive. Hence, H = A,,, since o0 ¢ H.
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Lemma 2.6
A23 ¢ (2,3,16)"gr0up.

Proof

Application of (II) shows that g < 0. So, there is no transitive (2,3,16)-sub-
group of Aj.

Lemma 2.7
Ay is a (2,3,16)-group.

Proof
Let H = (x, y), where:
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= (0,1.2) (3,4,15) (5,6,14) (7,8,13) (9,16,12) (10,19,23) (11,17,18) (20,21,22)
. 38

S

=xy=(0,1,2,... 15) (16,17,...  ,23) £ 16.8
= yz* = (0,5,10,23,14,9,20,17,22,16) (1,6,2,4,3,8) (7,12,13,11,21,18,15) 19
:10.7.6.1

QN

x and o7 show that H is 2-transitive. Hence, H = A, since o ¢ H.
Lemma 2.8
Ays is a (2,3,16)-group.

Proof
Let H = (x, y), where:

x =(1,23) (2,17) (3,14) (4,5) (6,13) (7,19) (8,21) (9,11) (10,24) (12,20) (15,16)
(18,22) 0 L2121
y =(0,1,16) (2,18,23) (3,15,17) (4,6,14) (7,20,13) (8,22,19) (9,12,21) (10,24 I
: 381
z =xy=(0,12,.. ,15) (16,17,... ,23) 24 £ 16.8.1
o =y2 = (0,4,9,1520) (1,19,11,13,10,24,14 7,23,5,8,17,6) (2,21,12,16,3) 18 22
: 13.5%.12

H is primitive, since it has no blocks of length 5. Hence, H = A,s because o ¢ H.
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