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ABSTRACT. This is a sequel to an earlier paper by the author in which it was proved
that the symmetric group Sy of degree N is a (2,3,16)-group for 16 < N < 25 whereas
the alternating group Ay is a (2,3,16)-group for 18 < N < 25, N * 23. In this paper,
it is proved that both Sy and Ay are (2,3,16)-groups for 26 < N < 30.

Proposition 1

The symmetric group Sy is a (2,3,16)-group for 16 < N < 30.

Proof

The proof will be provided as a series of lemmas.

Lemma 1.1

Sy is a (2,3,16)-group for 16 < N < 25 (Al-Salman 1985).
Lemma 1.2
Sa6 18 2 (2,3,16)-group.

Proof
Let H = (x,y), where:
x = (0,15)(1,2)(3,14)(4,25)(5,12)(6,23)(8,22)(10,21)(11,16)(13,24)(17,20) 79 18 19
214
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¥ =(1,3,15)(4.24,14)(5,13,25)(6,16,12)(7,8,23)(9,10,22)(11,17,21)(18,19,20) 02

: 38 12

z=xy=(0,1,2,... ,15)(16,17,... ,23)(24,25) :16.8.2
o=x= (0,3,2,5)(],6,19,23,10,17,16,15,4,25,8,18,22,12,9,13,24)(7,11,20,21,14)
:17.5.4

Now x and o° show that H is 2-transitive. It then follows that H= So6, since
o€ H.

Lemma 1.3

Sy is a (2,3,16)-group.

Proof
Let H = (x,y), where:
x= (0,26)(1,15)(2,23)(4,22)(5,17)(6,13)(7,25)(8,11)(9,19)(10,20)(12,24)(14,16)

(18,21) 3 524
y = (0,26,1)(2,16,15)(3,4,23)(5,18,22)(6,14,17)(7,24,13)(8,12,25)(9,20,11)
(10,21,19) 1 3
z=xy =(0,12,... ,15)(16,17,...,23)(24,25) 26 :16.8.2.1
o=x2= (0,26,3,6)(1,2,18,16)(4,17,8,14,19,12,25,10,23,5,20,13,9,22,7,24,15)
121 0 17.42.1%

x*and o indicate the H is 2-transitive. Hence H = 857, since o € H.

Lemma 1.4

S is a (2,3,16)-group.

Proof
Let H = (x,y), where:
x=(0,23) (1,24) (2,16) (3,15) (5,14) (6,7) (8,13) (9,18) (10,26) (11,21) (12,19)

(17,27) (22,25) 4 20 : 21312

y =(0,16,3) (1,25,23) (2,17,24) (4,5,15) (6,8,14) (9,19,13) (10,27,18) (11,22,26)
(12,20,21) 7 31
z=xy =(0,1,2,... ,15)(16,17,... 23) (24,25.26,27) :16.8.4
0 =xz’ = (0,18,12,22,24,4,7,9,21,14,8) (1,27,20,23,3,2,19,15,6,10,25,17,26,13 .11,
16,5) :17.11

Now y and o'! show that H is 2-transitive. It then follows that H= S, since o € H.

Lemma 1.5

Sy is a (2,3,16)-group.
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Proof
Let H = (x,y), where:

x =(0,28) (1,15) (2,27) (4,26) (5,11) (6,23) (8,22) (9,19) (10,16) (12,25) (14,24)
(17,18) (20,21) 37 13 o hE
=(0,28,1) (2,24,15) (3,4,27) (5,12,26) (6,16,11) (7,8,23) (9,20,22) (10,17,19)
(13,14,25) 18 21 s .12
z=xy=(0,1,2,... ,15)(16,17,...,23) (24,25,26,27) 28 £ 16.8.4.1
G = x5 = (02836 18,20,16,13) 12267 ,10,19,12,24) (4,25,15) (5, 1427)

(8,17,21,23,9,22,11) : §2.7.3%

H = 8y, since H is primitive and ¢ € H.

Lemma 1.6

Sy is a (2,3,16)-group.

Proof
Let H = (x,y), where:

x =(0,28) (1,15) (2,27) (3,25) (4,13) (5,23) (6,21) (7, 19) (8,17) (9,11) ((10 29)
(12,16) (14,24) 18 20 22 26

y =(0,28,1) (2,24,15) (3,26,27) (4,14,25) (5,16,13) (6,22,23) (7,20,21) (8, 18 19)
(9,12,17) (10,29,11)

z=2xy =(012,.. ,15)(16,17,...23) (24,25,26,27) 28 29 . 16.8.4. 12
o= xz* = (0,28,4,1,3,25,7,23.9,15,5.19,11,13.8.21.10.29 14.24.2.27.6. 17122016)
(18,22) 26 :27.2.1

Now x* and (x2’)? show that H is 2-transitive. It then follows that H = S50, since
o€ H.

Proposition 2
The alternating group Ay is a (2,3,16)-group for N + 23 and 18 < N < 30.

Proof

The proof will be provided as a series of lemmas.

Lemma 2.1

Ayis a (2,3,16)-group for N = 23 and 18 < N < 25 (Al-Salman 1985).

Lemma 2.2

Ay is a (2,3,16)-group.
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Proof
Let H = (x,y), where:

x =(2,15) (3,11) (4,23) (5,20) (6,17) (7,9) (8,25) (10,16) (12,14) (13,24) (18 19)
(21,22)0 1
=(0,1,2) (3,12,15) (4,16,11) (5,21,23) (6,18,20) (7,10,17) (8,25,9) (13,24 14) 19

2 My
z=1xy = (0,1,2,...,15) (16,17,...,23) 24 25 16812
o=xB= (0825) (1,9,15,10 16.2,7) (4,23,12,6,17,14) (5,20,13,24) (18, 19)

(21,22)3 11 7.6.43.22.12

Now x* and o show that H is 2-transitive. It then follows that H = A, since o € H.

Lemma 2.3

Ay is a (2,3,16)-group.

Proof
Let H = (x,y), where:

x =(0.26) (1,15) (2,23) (4,22) (5,18) (6,9) (10,17) (11,13) (12,24) (14,16) (19 21)

(20,25)378 213

y =(0,26,1) (2,16,15) (3,4,23) (5,19,22) (6,10,18) (7,8,9) (11,14,17) (12, 24 13)
(20,25,21)

z=1xy=(0,1,2,... ,15)(16,17,...,23) 24 25 26 16,8, 13
o = x# = (0,26,6,15,7,13,1,5,16,4,20,25,18,11,3,9,12,24,2,21,17) (8,14,22,10,23)
19 §21.5.1

x and ¢° indicate that H is 2-transitive. Hence, H = A,,, since o € H.

Lemma 2.4

Ay is a (2,3,16)-group.

Proof
Let H = (x,y), where:

x=(0.24) (1,15) (2,23) (3,5) (4.25) (6,22) (7,8) (9.21) (10,17) (11,13) (12, 26)
(14,16) (18,20) (19,27)
=(0,24,1) (2,16,15) (3,6,23) (4,25,5) (7,9,22) (10,18,21) (11,14,17) (12, 26 13)
(19.27,20) 8

z=xy=(0,12,.. 15)(16,17,...,23) 24 25 26 27 : 16.8.14
o = x2 = (0,24.6,20,16,4.25,10,23,8,13,1,5,9,19.27,17) (2,21,15,7,14,22,12,26)
(3,11) £ 17.8.2

y* and o® show that H is 2-transitive. Hence H = Ay, since o € H.
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Lemma 2.5

Ay is a (2,3,16)-group.

Proof

Let H = (x,y), where:

x =(0.28) (1,15) (225) (3,13) (4.27) (5.11) (6,23) (8.22) (9,19) (10,16) (12,26)

(14,24) (17,18) (20,21) 7 : 2141

=(0,28,1) (2,24,15) (3,14,25) (4,26,13) (5,12,27) (6,16,11) (7,8,23) (9,20 22)
(10,17,19) 18 21 £ 3

z=xy=(0,12,., 15)(16,17,...,23) (24,25) (26,27) 28 1 16.8. 22
o= 22 = (028.3) (1,2.24) (4.26.15) (5,14,25) (6,18,20,16,13) (7,10,19,12,27)
(8,17,21,23,9,22,11) £ 7.52.3%

H = Ay, since H is primitive and ¢ € H.

Lemma 2.6
Ay is a (2,3,16)-group.

Proof
Let H = (x,y), where:

x =(10,29) (2,28) (3,15) (4,23) (6,22) (8,21) (10,20) (11,18) (12,26) (13,24) (14,16)
(17,27) 157919 25 : 21218

=(028,3) (1.2,29) (4,16,15) (5.6,23) (7.8,22) (9,10.21) (11,19,20) (12,27, 18)
(13,25,26) (14,17,24)

z=xy = (0,12,...,15) (16,17,... 23) (24,25,26,27) (28,29) : 16.8.4.2
o = x2' = (0,29,4,19,23.8,17,27,21,12,26) (1,5,9,13,24) A
(2,28,6,18,15,7,11,22,10,16) (14,20) 3 25 £ 11.10.5.2.12

Now x and (xz°)? show that H is 2-transitive. It then follows that H = Aj, since
oeH.
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