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ABSTRACT. Let (X. T) be a topological space and let W(T) be the se t of aJilower 
se micontinuous functions defined from X into the closed unit int erval.IO.lj. In this 
paper we define two fuzzy separation ax ioms . namely ; functiona lly Hausdorff and 
complete regularit y. Then we prove a) the space (X . T) is fun ctionally Hausdorff if 
and only if the fuzzy space (X. W(l» is fun ctiona lly Hausdorff. and b) lhe space (X. 
1) is completely regular if and only if the fuzzy space (X. W(l» is completely regular. 

1. Introduction 

After Zadeh created fuzzy sets in his classical paper; Zadeh (1965) and Chang 
(1968) used them to introduce the concept of a fuzzy topology . The concept of 
induced fuzzy topological spaces was introduced by Weiss (1975). Since then 
several authors continued the investigation of such spaces. However, most 
attention is paid to the extension of the separation notions to fuzzy topological 
spaces. 

2. Preliminaries 

Let X be a nonempty set. A fuzzy set A on X is a function from X into the 
closed unit interval [0 ,1]. As usual 0 and 1 denote the fuzzy sets given by O(x)=O 
and l(x)=l , X€X We write A C;;; [l if A(x) ~ [lex) for all XEX By A=[l we mean AC;;; [l 
and [lC;;;A. If {Ai, itl} is a collection of fuzzy sets on X, then we define 

(UA.;)(X) sup {Aj(x):itI}, X€X, and 

(nA;)(x) inf {Aj(x):itl}, X€X 
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The complement A' of a fuzzy set Aon X is given by A' (x) = l-A(x), XEX. If A~X, 
then XA denotes the characteristic function of A. 

2.1 	Definition (Wong 1974) 

A fuzzy point p in a set X is a fuzzy set in X given by 

p(X) 	 = t for x = xp (0 < t < 1), and 

p(x) °for x *' xp . 

The support of a fuzzy set Ain X is the ordinary subset supp A=A -1 (0,11 ~ X. 
The support of a fuzzy point p is often written as xp and its value p(xp) E(O,l) . Two 
fuzzy points p and q in X are said to be distinct iff their supports are distinct. A 
fuzzy point p in X is said to belong to a fuzzy set Ain X (notation: pEA) iff p(xp) 
<A(Xp)' 

2.2 Definition 	(Wong 1974) 

A fuzzy topology on a set X is a collection T of fuzzy sets in X such that 

(i) 0,1 ET 
(ii) 	 If A,IlET then AnIlET; 

(iii) 	If 'A;ET, iE!, then UAjET. 

Members ofT are called T-open fuzzy sets (or simply open sets) and the pair (X, 
T) is called a fuzzy topological space, in short, an fts. Complements of open fuzzy 
sets are called closed fuzzy sets. When X carries an ordinary topology t, there is a 
simple fuzzy topology on X associated with t, namely the class of all lower 
semicontinuous functions between (X,t) and ([0 ,1]' tu) with tu the usual topology 
on [0,1]. This fuzzy topology is denoted by Wet) and is called by F . Conrad (1980) 
the natural fuzzy topology on X associated with the ordinary topology t . The 
closure cl A(or X) and the interior int A(or A0) of a fuzzy set Ain a fts (X, T) are 
defined by 

A n {Il: 11 is a closed fuzzy set and A~ Il} 


A° U {W 11 is an open fuzzy set and Il~A} 


2.3 	Definition 

Consider two ordinary sets X and Y; a fuzzy set Ain X, a fuzzy set 11 in Y, and a 
function f from X into Y. The direct image of A under f is the fuzzy set f(A) in Y 
given by 

f(A)(y) sup {A(X): XEr 1 ({y})} if rl({y}) *' <p

° if rl({y}) = <p 
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The inverse image of !l under { is the fuzzy set r I (!J-) in X given by 

2.4 Definition 

Let {: (X, T 1) ~ (Y,T2) be a function from a fts (X,Tl) to a fts (Y,T2). The 
function {is a fuzzy continuous iff the inverse image of every T2-open fuzzy set in Y 
is T1-open or, equivalently, iff the inverse image of every Trclosed fuzzy set in Yis 
Tl-cJosed . 

3. Fuzzy Separation Axioms and the Space WeT) 

Several authors introduced different definitions of separation properties for 
fuzzy topologies (see , e.g., Hutton 1975 and 1977, Hutton and Reilly 1980, Ming 
and Ming 1980 and Srivastava , et al. 1981) . The Hausdorff axiom has had a hard 
life in fuzzy set theory since many authors proposed different definitions (e.g., 
Ming and Ming 1980, Sarkar 1981 and Wong 1974). 

Let us state the following two results before introducing our definitions of 
separation axioms. 

3.1 Theorem 

Let (X, T) be an fts and let A be a fuzzy set in X. Then we have 

i) A is the smallest closed fuzzy set containing A; 
ii) A0 is the largest open fuzzy set contained in I, ; 

... ) \0 \ 1-1
111 f\. = f\. 

For any rE(O ,l), A~X, let r XA be defined by (rxA)(X) = r if xEA and (rxA)(X) =°if 
xEX-A. 

3.2 Theorem 

Let (X,W(T)) be the fuzzy space associated with the ordinary topology T on X, 
and let A be any fuzzy set in X, A~X and rE(O,1) . Then we have : 

i) cJ (A-\a ,l]) ~ (c/A)-1 [a ,l] for all aE [0,1]. 
ii) cJ XA = XA 

iii) cJ (r XA) = r XA 
iv) cJ A~XcI(suPP A)' 

v) r XA EW(T)) if and only if AET. 



310 Ali Ahmad Fora 

3.3 Definition 

A fuzzy topological space (X, T) is said to be 

i) To iff for any two distinct fuzzy points p ,q in X, there exists an open fuzzy 
set fL such that (PEfL and fL n q=O) or (qEfL and fLnp=O) . 

ii) Tow iff for any two distinct fuzzy points p,q in X , there exists an open fuzzy 
set fL such that PEfLCq' or qEfLCP'· 

iii) Tl iff for any two distinct fuzzy points p,q in X, there exist open fuzzy sets 
fLl and fL2 such that PEfLj, fLl n q = 0,qEfL2 and fL2 n p = O. 

iv) T lw iff for any two distinct fuzzy points p,q in X, there exist open fuzzy sets 
fLl and fL2 such that PEfLl Cq' and qEfL2CP'· 

3.4 Theorem 

Let (X,t) be a topological space. Then the following statements are 
equivalent: 

i) (X,t) is a To-space . 

ii) (X,w(t)) is a To-space. 


iii) (X,w(t)) is a Tow-space. 


3.5 Theorem 

Let (X,t) be a topological space . Then the following statements are 
equivalent: 

i) (X,t) is a Tl-space. 

ii) (X,w(t)) is a Tl-space . 


iii) (X,w(t)) is a Tlw-space. 


Proof. (i) ---,> (ii) Let (X,t) be a Tl-space and let p,q be two distinct fuzzy 
points in X. Then xp of. xq . Thus there exist U, VEt such that XpE U,xpf V , Xqf U 
and XqEV. It is clear thatpEXu,qEXv ,XuEw(t) , XvEW(t) and Xu n q = Xv n p = O. 

(ii) ---,> (iii) follows from the definition . 

(iii) ---,> (i) Let (X, w(t)) be a Tlw-space and let xo, Yo be two distinct elements in 
X. Take p,q to be the fuzzy points in X for which p(xo) = q(yo) = 0.9. Then p,q are 
distinct fuzzy points. Thus there exist A" A2EW (t) such that PEAl C q' and qEA2 C 
p' . It is clear that U=A(I(0 .9,l] Et , V = Ail (0.9,1] Et, XoEU,YoEV, Xo f Vand 
Yof U. 

3.6 Definition 

A fuzzy topological space , (X,T) is said to be 

i) T2 iff for any two distinct fuzzy points p ,q in X, there exist open fuzzy sets fLl 
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and 1-12 such that pEI-1I' qEI-12 and 1-11 n iJ.2 = O. 
ii) T200 iff for any two distinct fuzzy points p,q in X, there exist open fuzzy sets 

1-11 and iJ.2 such that pE1-11' qEiJ.2 and 1-11 ~ 1-12 ' 
iii) T2; iff for any two distinct fuzzy points p,q in X, there exist open fuzzy sets 

1-11 and iJ.2 such that pE1-11' qEJ.!2 and 'iiI n 'ii2 = O. 
iv) T2;oo iff for any two distinct fuzzy points p,q in X, there exist open fuzzy 

sets !-11 and iJ.2 such that pEJ.!1' qEJ.!2 and 'iiI ~ 'ii2"1. 

3.7 Theorem 

Let (X, T) be a topological space. Then the following statements are 
equivalent: 

i) (X,T) is a T2-space. 

ii) (X ,W(T)) is a T2-space. 


iii) (X,w('t)) is a T2oo-space. 


3.8 Theorem 

Let (X, T) be a topological space. Then the following statements are 
equivalent: 

i) (X,T) is a T2;-space. 

ii) (X,W(T)) is a T2!-space. 


iii) (X,W(T)) is a T2!w-space. 


Proof. (i) ~ (ii) Let (X,T) be a T2;-space and let p,q be two distinct fuzzy 
points in X. Then xp "* xq. Thus there exist U, VET such that XpE U,xqEVand un V 
= <». By Theorem 3.2 (ii), Xu n Xv = Xu n Xv = Xunv = xq, = O. It is now clear 
that PEXu, qEXv, XUHO(T), XvEW(T) and Xu n Xv = O. 

(ii) ~ (iii) is immediate. 
(iii) ~ (i) Let (Xw(,t)) be a T2!w-space and let xo,Yo be two distinct elements in 

X. Take p,q to be the fuzzy points in X for which p(xo) = q(yo) = 0.9. Then there 
exist A1, A2EW(T) such that PEAl, qEA2' and II ~A2"1. It is clear that U = A,I(0 .9,1]ET, 
V = A2"1(0.9 ,1]ET, XoEU, YoE Vand Un V= <». Indeed, if XE Un V, then according to 
Theorem 3.2(i), I 1(x) ?: 0.9 and I 2(x) ?: 0.9 which contradicts the fact Il~ A2"1. 
This completes the proof of our theorem. 

3.9 Definition 

A fuzzy topological space (X,T) is said to be regular iff for every fuzzy point p 
in X and every closed fuzzy set A in X such that pEA' , there exist open fuzzy sets J.!l 
and J.!2 such that pEJ.!l' A~J.!2 and J.!1~!-12. 
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An important and useful characterization of fuzzy regularity is given in the 
following theorem. 

3.10 Theorem 

Let (X,T) be an fts . Then the following statements are equivalent: 

i) (X,T) is regular. 
ii) For every fuzzy point p in X and for every open fuzzy set A such that pEA, 

there exists an open fuzzy set f-l such that PE;i:s'iisA. 
iii) For every closed fuzzy set A in X and any fuzzy point pEA' , there exist open 

fuzzy sets f-ll and f-l2 such that pEf-ll' Asf-l2 and 'iilS'ii2' 

Proof: (i) ~ (ii). Let p be any fuzzy point in X and let A be an open fuzzy set in 
X such that pEA. Since A' is closed and PEA", therefore; by the regularity of X; there 
exist open fuzzy sets 01 and 02 such that pEOJ, A'S02 and 0lS02' Since 02 is closed, 
therefore 01S02- = 02SA. Consequently pEOI S 01 S A. 

(ii) ~ (iii) . Let A be a closed fuzzy set in X and let p be any fuzzy point in X 
such that pEA'. Using (ii) , there exists an open fuzzy set OJ such that pEOl S OJ SA' . 
Applying (ii) again , there exists an open fuzzy set 02 such that PE02 s 0 2 Sal' The 
proof is completed by taking f-ll = 02 and f-l2 = all because pEf-ll' A S f-l2 and 02 S 
all-I. Indeed OISOl implies a? S 010. Using Theorem 3.1 (iii), we get 01 SOli - I. 
But since 0 2 S 01, so we get 02 SOli- I 

(iii) ~ (i). Let Abe a closed fuzzy set and let p be a fuzzy point in X such that 
pEA' . Using (iii), there exist open fuzzy sets f-ll and f-l2 such that pEf-lJ, A S f-l2 and 'iiI 
S "ill. Since f-ll S 'iiI and 'ii2 S f-l2' therefore f-ll S f-l2. Hence (X,T) is regular. 

3.11 Theorem 

Let (X;t) be a topological space . Then , (X,t) is regular if and only if (X,w(t)) 
is regular. 

Proof: Let (X,t) be a regular space . Let p be a fuzzy point in X and AEW(t) 
such that pEA. Let r = ! (P(xp) + A(Xp)). Then p(xp) <r< A(X!'), i.e. XpEA-I(r,l]. 
Using the regularity of X, there exists VEt such that XpE V S V SA- I(r,l]. !:Ising 
Theorem 3.2 (iii) , the following inclusions become clear: pEr Xu S r Xu s 

r XA-I ( r ,Jj S A. 

The fact that TXuEW(t) completes the proof of the first implication. 

Conversely, let (X,w(t)) be a regular space . Let VEt and xoEU. Take p to be 
the fuzzy point in X for which p(xo) = 0.9. Then pE Xu and XuEW(t). Therefore, 
there exists f-lEW(t) such that pEf-l S 'iiSXu. Using Theorem 3.2 (i), we get cJ(f-l- l 



313 Fuzzy Separation Axioms and Fuzzy Continuity 

(0.9,1]) ~_(cJ!-l) -1[0.9,1] ~ Xu -1[0.9,1] = U. Let V=!-l-1 (0.9,1]. Then Vn and 
xoe V ~ V ~U. This completes the proof of our theorem . 

3.12 Definition 

A fuzzy topological space (X,T) is said to be normal iff for every pair of closed 
fuzzy sets A], A2 such that Al ~ A2 , there exist open fuzzy sets ~l' !-l2 such that Al ~ !-l1 

~ !!2 ~ A2' 

An important and useful characterization of fuzzy normality is given in the 
following theorem. 

3.13 Theorem 

Let (X,T) be an fts. Then the following statements are equivalent: 

i) (X,T) is normal. 
ii) For every closed fuzzy set 0 in X and for every open fuzzy set Asuch that 0 

~ A, there exists an open fuzzy set !-l such that O~!-l~j':i~A. 
iii) For every closed fuzzy set 0 in X and any closed fuzzy set A ~ 0', there 

exist open fuzzy sets ~1 and !-l2 such that A ~ !-l1, 0~!-l2 and j':il~~2 ' 
iv) For every closed fuzzy set A and open fuzzy set !-l such that A~!-l, there 

exists a fuzzy set 0 such that A~Oo~a~!-l . 

Proof: For the proof of the equivalence of (i) , (ii) and (iii), imitate the proof of 
Theorem 3.10. 

(ii)~(iv) is immediate. 
(iv)~(ii) Let 0 be a closed fuzzy set in X and let A be any o£en fuzzy set such 

that O~A. Using (iv) , there exists a fuzzy set 0 such that 0~Oo~6~A. The proof is 
completed by taking ~ = 0°. Indeed !-l=Oo~o implies j':i~6. Consequently, !-l is an 
open fuzzy set in X satisfying O~!-l~j':i~A. 

3.14 Theorem 

Let (X,.) be a topological space. Then (X,.) is nonnal if and only if (X,w("C)) is 
normal. 

Proof: (~) Let Abe a closed fuzzy set and !-l be any open fuzzy set in the fuzzy 
topological space (X,w(.)) such that A~!-l . Then A:X~[O,l]~R is an upper 
semicontinuous function and .u:X~[O,l]~R is a lower semicontinuous function. By 
Tong (1952), there exists a continuous function f : X~R such that A(X) ",;; f(x) ",;; 
!-lex) for every xeX. Since A(X) ~ 0 and !-l(x)",;;l for every XEX, therefore Q"';;f(x) ",;; 1 
for al\ xeX, i .e. fis actually a fuzzy set in X. Since f: X~[O,l] is continuous , so fis 
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- 0 

lower semicontinuous and upper semicontinuous. Hence f = f = f . Thus, by 
Theorem 3.13 (iv), (X,W(T» is normal. 

(<----) Conversely, let (X,w( T» be normal. Let A,B be two disjoint closed sets in 
(X,T). Then XA, XB are closed fuzzy sets in (X,W(T» and XA~XB' Thus there 
exist A,~EW(T) such that XA~A, XBC~ and A~~'. Let U=A- 1 (0.9,1] and 
V=~-1(0.9,1] . Then U, VET , ACU,B~Vand unv=<j>. This completes the proof 
of our theorem. 

To proceed for our next results, we need the following definition. 

3.15 Definition 

A family ~ of fuzzy open sets in X is called a base for a fts (X,T) iff members of 
T can be written as unions of members of ~. 

3.16 Definition 

A family 1\1 of fuzzy open sets in X is called a subbase for a fts (X,T) iff the 
family of finite intersections of members of 1\1 forms a base for (X, T) . 

3.17 Definition (Hutton 1975) 

The fuzzy unit interval [0,1 ](L) is the set of all monotonic decreasing functions 
"A: R~L satisfying: 

i) A( t) 1 for t < 0, tER, 
ii) A(t) °for t > 1, tER; 

after the identification of A: R ~ L and WR~L iff A(t-) = ~(t-) and A(t+) = 
~(t+) for every tER (where A(t- )=inf {A(S): s<t} and A(t+ )=sup {A(S): s>t}) . 

We define an L-fuzzy topology on [0,1] (L) by taking as a subbase {Lt,R t: tER} 
where we define 

Lt(A) = (A(t-»' and Rt(A) = A(t+) . 

This topology is called the usual topology for [0,1] (L). 

It is easy to see that ~ = {Ra n Lb: a,bER} is indeed a base for the usual fuzzy 
unit interval [0,1] (L). 

The following result is another characterization of normal space. 
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3.18 Theorem (Hutton 1975) 

A fuzzy topological space (X,T) is normal iff for every closed set A and open 
set ~ such that A C f.1, there exists a continuous function f: (X,T) ~ [0,1] (L) such 
that for every XEX 

A(X) ~ f(x) (1-) ~ f(x) (0+) ~ ~(x). 

3.19 Definition 

A fuzzy topological space (X,T) is called completely regular iff for every open 
fuzzy set A and every fuzzy point p in X such that pEA, there exists a continuous 
function f:(X,T) ~ [0,1] (L) such that for every XEX 

p(X) ~ f(x) (1-) ~ f(x) (0+) ~ A(x). 

3.20 Theorem 

A topological space (X;t) is completely regular if and only if (X,w(-t)) is 
completely regular. 

Proof: Let (X;t) be a completely regular space. Let AEW('t) and p be a fuzzy 
point in X such that pEA. Let r = !(P(xp) + A(Xp)). Then p(xp) < r < A(xp), i.e, 
XpEA -1(r,l]. Since A -1(r,l]E't, there exists a continuous function f: (X,'t) ~ [0 ,1] 
such that f(xp) = 1 and f(X-A -l(r,1]) = 0. Define g: (X,w('t)) ~ [0,1] (L) as 
follows: 

g(x)(t) rXr-l(t .l ] (x) if pO, tER , XEX; 

1 if t<O , tER, XEX. 

Then g(X)E [0,1] (L) for every XEX, i.e. g is a well-defined function. It is easy to 
observe that g-I(R t ) = rXr-l(t,I) EW('t) if t?-O, and g-l(R I ) = 1 EW('t) if t<O. We can 
also observe that g-I(LI ) = rXr-'[O,I) EW(t) if t>O, and g-I(LI ) = °EW(t) if t~O. 
Hence g is a continuous function. Doing some calculations one can verify the 
following inequalities: 

p(X)~ g(x) (1-)~ g(x) (O+)~ A(X), XEX. 

Conversely, let (X,w('t)) be a completely regular space. Let XOEX and VE't such 
thatxo EU. Take p to be the fuzzy point withp(xo) = 0.9. Thenp EXu and XuEW('t). 
Thus there exists a continuous function f: (X, w('t)) ~[O , l] (L) such that p(x)~ 
f(x)(l-)~ f(x) (0+ )~ Xu(x) is true for all XEX. It follows that f(xo)(l-)?- 0.9 and 
f(x)(O+) = °for all xEX-U. Define g: (X, 't) ~ [0,1] by g(x) = inf {tfR: f(x) 
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(t- )<t}. Since f(x)(2-) = 0<2 and f(x)(r-) = 1>r for all r<O, it follows that g is a 
well defined function. The fact that f(x)(r-) = 0 < r for all r> 1 implies that g(x) 
~ 1. Since f(xo)(0.9)~ f(xo)(l-)~ 0.9, we have f(xo)(t-)~ f(xo)(0 . 9-)~ 0.9 ~t 
whenever t~ 0.9. It follows that g(xo) > 0.9. Now, if XEX- U then f(x)(t-) = O<t 
whenever t>O. Hence g(x) = 0, i.e. g(X- U) = O. Doing some calculations, we find 
that g-I[O,t) = (r l (LI»-l(l-t,l]EL and 

g-l(t,l] = ([-)(R I»-I(t,l] EL,tE [0,1]. 

Consequently g is a continuous function. Let h: [0,1] -') [0,1] be defined by 

hex) = 1~ x if 0 ~ x ~ 0.9 and hex) = 1 if 0.9 < x ~ 1. Then hog: (X,t) -') [0,1] is 

a continuous function and (hog)(xo) = h(g(xo» = 1, (hog) (X- U) = h(O) = O. This 
completes the proof of the theorem. 

3.21 Definition 

A fuzzy topological space (X,T) is called functionally Hausdorff iff for any two 
distinct fuzzy points p and q in X , there exists a continuous function f: (X,T) -') 
[0,1] (L) such that for every XEX 

p(x)~ f(x)(1-)~ f(x)(O+)~ q'(x). 

3.22 Theorem 

A topological space (X,t) is functionally Hausdorff if and only if (X,w(t» is 
functionally Hausdorff. 

Proof: Let (X, t) be a functionally Hausdorff space. Let p,q be two distinct 
fuzzy points in X. Then Xp,Xq are two distinct elements in X . Thus there exists a 
continuous function f: (X,t) -') [0,1] such that f(xp ) = 1 and f(xq ) = O. Define 
g:(X, Wet»~ -') [0,1] (L) as follows: 

g(x)(t) = XC-I(I,l] (x), XEX, tER. 

Then it is easy to check that g(x)E[O,l] (L) for all XEX, i.e., g is a well defined 
function. Doing some calculations, one can verify the following inequalities: p(x)~ 
g(x)(1-)~ g(x)(O+)~ q' (x) for all xEX. Since g-l(R I ) = XC-I(I ,1) EW(t) and g-l(LI ) 

= XC-I[O ,I) EW(t), tE[O,l], g is a continuous function. 

Conversely, let (X, Wet»~ be a functionally Hausdorff space. Let Xo, Yo be two 
distinct elements in X. Take p,q to be the two fuzzy points in X for which p(xo) = 
q(yo) = 0.9 . Then there exists a continuous function f:(X, w(t» -') [O,l](L) such 
that for any XEX we have p(x)~ f(x)(1-)~ f(x)(O+)~ q'(x). It follows that 
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f(xo)(1-)~ 0.9 and f(yo)(O+)~ 0.1. Define g: (X,"t) ~ [0,1] by g(x) = inf {tER: 
f(x)(t-)< t}. Then, as in the proof of Theorem 3.20, g is a well defined continuous 
function satisfying the inequalities: g(xo) > 0 .9 and g(yo) ~ 0.1. Define h : [0,1] 

~[O,l] by h(x) = 0 if O~x~O.I, h(x) = 10 (x-O.l) if 0.1 < x < 0.9, and h(x) 

= 1 if 0.9 ~ x ~1. Then hog: (X,"t) ~ [O , I~ is a continuous function satisfying: 
(hog) (xo) = h (g(xo» = 1 and (hog) (yo) = h (g(yo» = O. This completes the proof 
of our theorem. 

References 

Chang, C.L. (1968) Fuzzy topological spaces, 1. Math. Anal. Appl. 24: 182-190. 

Conrad, F_ (1980) Fuzzy topological concepts. 1. Math. Anal. Appl. 74: 432-440. 

Hutton, B. (1975) Normality in fuzzy topological spaces, 1. Math. Anal. Appl. 50: 74-79. 

Hutton, B. (1977) Uniformities on fuzzy topological spaces, 1. Math. Anal. Appl. 58: 559-571. 

Hutton, B. and Reilly, I. (1980) Separation axiom in fuzzy topological spaces, Fuzzy Sets and Systems, 


3: 93-104 . 
Ming, Pu-Pao and Ming, Liu Ying (1980) Fuzzy topology, 1.1. Math. Anal. Appl. 76: 571-599. 
Sarkar, M. (1981) On fuzzy topological spaces, 1. Math. Anal. Appl. 79: 384-394. 
Srivastava, P., La!, A.N. and Srivastava, A.K. (1981) Fuzzy Hausdorff topological spaces, 1. Math. 

Anal. Appl. 81: 497-506. 
Tong, H. (1952) Some characterizations of normal and perfectly normal spaces, Duke Math. 1. 19: p . 

289-292. 
Weiss, M.D. (1975) Fixed points, separation, and induced topologies for fuzzy sets, 1. Math. Anal. 

Appl. 50: 142-150. 
Wong, C.K. (1974) Fuzzy points and local properties of fuzzy topology, 1. Math. Anal. Appl. 46: 

316-328. 
Zadeh, L.A. (1965) Fuzzy sets, Inform. and Control. 8: 338-353. 

(Received 1810311987; 
in revised form 1710811987) 



318 Ali Ahmad Fora 

~u~~ J..\.J (0).) 0\ ~PJ d.~}y'y '"L.a.9 (0 'if) 0\ ~P 
UliJ.1 oJWi.\1 Jl if ~y-l.r.=J1 ,"L.4.J1 ~ 4j.r11~I o~1 ~ JIJ..LJI 

:../'J ~UI ~I 0\,.-Lo ~ ~I ~11..i..J, J l.;j~..lil . [\ ,~] 
" " 

~y-lr.:J1 ,"L.a.J1 (\) 01 ~i u.~J . rL::.J1 r\1::..;~1iJ JI..LJI .j.JJ...L....JUI 

«0).) 'if) ~UI ,"L.4.J1 0151~1.1WJ I~l Jb J.JJ..L.....JL.", 0~ (0 'if)
:: .. .. 

.1WJ 1~1 L..LC ~0~ (0 'if) ..?"y-l.r.=J1 ,"L.,aAj1 ('-')J Jb J.JJ...L....JL.",
::- -:; " . .. .. 

. LoLC ~ «0) .) 'if) ~U\ ,"L.,aAj\ 015 \~1 

http:J.JJ...L....JL
http:J.JJ..L.....JL

