Arab Guif J. Scient. Res.. Math. Phys. Sci., AS (3), pp. 307-318 (1987)

Fuzzy Separation Axioms and
Fuzzy Continuity

Ali Abhmad Fora

Yarmouk University, Irbid, Jordan

ABSTRACT. Let (X, 1) be a topological space and let w(t) be the set of all lower
semicontinuous functions defined from X into the closed unit interval, [0.1]. In this
paper we define two fuzzy separation axioms, namely; functionally Hausdorff and
complete regularity. Then we prove a) the space (X, 1) is functionally Hausdorff if
and only if the fuzzy space (X, w(t)) is functionally Hausdorff, and b) the space (X.
1) is completely regular if and only if the fuzzy space (X, w(t)) is completely regular.

1. Introduction

After Zadeh created fuzzy sets in his classical paper; Zadeh (1965) and Chang
(1968) used them to introduce the concept of a fuzzy topology. The concept of
induced fuzzy topological spaces was introduced by Weiss (1975). Since then
several authors continued the investigation of such spaces. However, most
attention is paid to the extension of the separation notions to fuzzy topological
spaces.

2. Preliminaries

Let X be a nonempty set. A fuzzy set A on X is a function from X into the
closed unit interval [0,1]. As usual 0 and 1 denote the fuzzy sets given by 0(x)=0
and 1(x)=1, xeX. We write A C uif AM(x) < u(x) for all xeX. By A=u we mean ACp
and pChA. If {A;, iel} is a collection of fuzzy sets on X, then we define

(UN)(x)
(NA)(x)

sup {Mi(x):iel}, xeX, and
inf  {A(x):1el}, xeX.
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The complement A’ of a fuzzy set A on X is given by A’ (x) = 1-A(x), xeX. [f ACX,
then xa. denotes the characteristic function of A.

2.1 Definition (Wong 1974)
A fuzzy point p in a set X is a fuzzy set in X given by

plx) = tfor x = x, (0 <t < 1), and
p(x) = 0 for x # x,.

The support of a fuzzy set A in X is the ordinary subset supp A=A"" (0,1} C X
The support of a fuzzy point p is often written as x, and its value p(x,) €(0,1). Two
fuzzy points p and g in X are said to be distinct iff their supports are distinct. A
fuzzy point p in X is said to belong to a fuzzy set A in X (notation: peh) iff p(x,)
<Mxp)-

2.2 Definition (Wong 1974)

A fuzzy topology on a set X is a collection T of fuzzy sets in X such that

(i) 0,1 €T
(ii) If A,ueT then ANueT;
(iii) If MeT, iel, then UAeT.

Members of T are called T-open fuzzy sets (or simply open sets) and the pair (X,
T) is called a fuzzy topological space, in short, an fts. Complements of open fuzzy
sets are called closed fuzzy sets. When X carries an ordinary topology T, there is a
simple fuzzy topology on X associated with T, namely the class of all lower
semicontinuous functions between (X,t) and ([0,1], t,) with T, the usual topology
on [0,1]. This fuzzy topology is denoted by w(t) and is called by F. Conrad (1980)
the natural fuzzy topology on X associated with the ordinary topology t. The
closure ¢f M(or &) and the interior int A (or A°) of a fuzzy set A in a fts (X, T) are
defined by

X = N {wpis a closed fuzzy set and ACu}
A° = U {u:u is an open fuzzy set and pCh}
2.3 Definition

Consider two ordinary sets X and Y; a fuzzy set A in X, a fuzzy set pin Y, and a
function f from X into Y. The direct image of A under f is the fuzzy set f(A) in Y
given by

()

sup {h(x) : xef ' ({yD} if £'({y}) # ¢
0 if F7({y}) = ¢
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The inverse image of w under f is the fuzzy set f~' (u) in X given by
W) = uf(x) , xeX.

2.4 Definition

Let £: (X, T)) — (Y,T,) be a function from a fts (X,T;) to a fts (Y, T,). The
function fis a fuzzy continuous iff the inverse image of every T,-open fuzzy setin Y
is Ty-open or, equivalently, iff the inverse image of every T,-closed fuzzy set in Yis
T,-closed.

3. Fuzzy Separation Axioms and the Space w(t)

Several authors introduced different definitions of separation properties for
fuzzy topologies (see, e.g., Hutton 1975 and 1977, Hutton and Reilly 1980, Ming
and Ming 1980 and Srivastava, et al. 1981). The Hausdorff axiom has had a hard
life in fuzzy set theory since many authors proposed different definitions (e.g.,
Ming and Ming 1980, Sarkar 1981 and Wong 1974).

Let us state the following two results before introducing our definitions of
separation axioms.

3.1 Theorem
Let (X, T) be an fts and let A be a fuzzy set in X. Then we have

i) A is the smallest closed fuzzy set containing A;
ii) A is the largest open fuzzy set contained in 1;
i) A0 = A7?

For any re(0,1), ACX, let rya be defined by (rxa)(x) = rif xeA and (rx)(x) = 0if
xeX—A.

3.2 Theorem

Let (X,o(t)) be the fuzzy space associated with the ordinary topology t on X,
and let A be any fuzzy set in X, ACX and re(0,1). Then we have:

i) ¢l (A Ya,1]) € (ch)7! [a,1] for all ae [0,1].
i) cf xa = Xa
iii) cf (r xa) = rya
iV) cl )".C_Xcl(supp ISK
V) r ¥a (7)) if and only if Aet.




310 Ali Ahmad Fora

3.3 Definition
A fuzzy topological space (X,T) is said to be

1) Ty iff for any two distinct fuzzy points p,q in X, there exists an open fuzzy
set u such that (pen and u N g=0) or (gep and uNp=0).

ii) Ty, iff for any two distinct fuzzy points p,q in X, there exists an open fuzzy
set w such that peuCq’ or qeuCp’.

iif) T, iff for any two distinct fuzzy points p,q in X, there exist open fuzzy sets
u; and u, such that pen;, py N g = 0,geu, and u, N p = 0.

iv) T, iff for any two distinct fuzzy points p,q in X, there exist open fuzzy sets
u, and p, such that pen;Cq" and qew,Cp'.

3.4 Theorem

Let (X,t) be a topological space. Then the following statements are
equivalent:

i) (X,1) is a Ty-space.
i) (X,w(1)) is a Ty-space.
i) (X,w(1)) is a Ty,-space.

3.5 Theorem

Let (X,t) be a topological space. Then the following statements are
equivalent:

) (X,1) is a Tj-space.
ii) (X,o(1)) is a Ty-space.
iii) (X,o(t)) is a Tj,-space.

Proof. (i) — (ii) Let (X,1) be a T;-space and let p,q be two distinct fuzzy
points in X. Then x;, # x,. Thus there exist U, V,t such that xp,e U,xpt V, xq¢ U
and x,eV. It is clear that peyy,gexy, xuew(T), xvew(t) and xy N g =yv N p = 0.

(if) — (iii) follows from the definition.

(iii) — (1) Let (X,w(7)) be a Ty,,-space and let xo, yo be two distinct elements in
X. Take p,q to be the fuzzy points in X for which p(x¢) = g(yp) = 0.9. Then p,q are
distinct fuzzy points. Thus there exist A;, A,ew (t) such that peh; C g' and geh, C
p’. It is clear that U=A7'(0.9,1] er, V = A" (0.9,1] €1, xoeU,yoeV, xo ¢ V and
_)/0*3 U.

3.6 Definition
A fuzzy topological space, (X,T) is said to be

1) T, iff for any two distinct fuzzy points p,q in X, there exist open fuzzy sets p;
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and W, such that pep;, gen, and py N p, = 0.

it) T, iff for any two distinct fuzzy points p,q in X, there exist open fuzzy sets
u, and u, such that pep;, gew, and p; C ).

iif) T iff for any two distinct fuzzy points p,q in X, there exist open fuzzy sets
w; and u, such that pepy, gep, and pup N p, = 0.

iv) Ta, iff for any two distinct fuzzy points p,q in X, there exist open fuzzy
sets w; and u, such that peu;, gew, and p; C wy L.

3.7 Theorem

Let (X,t) be a topological space. Then the following statements are
equivalent:

i) (X,1) is a T»-space.
ii) (X,w(7)) is a T,-space.
iil) (X,w(t)) is a T,,-space.

3.8 Theorem

Let (X,T) be a topological space. Then the following statements are
equivalent:

i) (X,1) is a Ty-space.
if) (X,m(t)) is a Ty-space.
iii) (X,w(1)) is a Ty,-Space.

Proof. (i) — (ii) Let (X,t) be a Ty-space and let p,q be two distinct fuzzy
points in X. Then x, # x,. Thus there exist U, Vet such that x,¢ U,x;eVand UN V
= ¢. By Theorem 3.2 (ii), xu N Xv = xu N xv = xuNV = Xo = O It is now clear
that pexu, gexv, xuew(t), xvew(t) and xy N ¥y = 0.

(ii) — (ili) is immediate.

(iii) — (i) Let (Xw(t)) be a Tzém-space and let xg,yp be two distinct elements in
X. Take p,q to be the fuzzy points in X for which p(xo) = q(yo) = 0.9. Then there
exist Ay, h,ew(t) such that ped;, geky, and A, CA5 " It is clear that U = A7'(0.9,1]er,
V = 27'(0.9,1]et, x0eU, yoe Vand UNV = ¢. Indeed, if xe UNV, then according to
Theorem 3.2(i), A(x) = 0.9 and A(x) = 0.9 which contradicts the fact A, C Ay L.
This completes the proof of our theorem.

3.9 Definition

A fuzzy topological space (X,T) is said to be regular iff for every fuzzy point p
in X and every closed fuzzy set A in X such that peA’, there exist open fuzzy sets w;
and u, such that pep;, ACu, and pCus.
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An important and useful characterization of fuzzy regularity is given in the
following theorem.

3.10 Theorem
Let (X,T) be an fts. Then the following statements are equivalent:

i) (X,T) is regular.

ii) For every fuzzy point p in X and for every open fuzzy set X such that pek,
there exists an open fuzzy set w such that pepCuCh.

iii) For every closed fuzzy set A in X and any fuzzy point pe)’, there exist open
fuzzy sets w, and u, such that peu;, ACu, and p,Cus.

Proof: (i) — (ii). Let p be any fuzzy point in X and let A be an open fuzzy set in
X such that peh. Since L' is closed and pe)X”, therefore; by the regularity of X; there
exist open fuzzy sets o; and o, such that peo;, A’Co, and 0;C03. Since o3 is closed,
therefore 0,Co5~ = 05Ch. Consequently peo; C 0, C A.

(ii) — (iii). Let A be a closed fuzzy set in X and let p be any fuzzy point in X
such that pe)’. Using (i), there exists an open fuzzy set o, such that peo, C o; CA'.
Applying (ii) again, there exists an open fuzzy set o, such that peo, C 0, C 0. The
proof is completed by taking u; = 0, and p, = o7’ because pepy, A C u, and 0, C

oy’ . Indeed 0,Co; implies of C o7°. Using Theorem 3.1 (iii), we get o1 C o7~

But since 0, C 0y, so we get 0, C o7’

(iii) — (i). Let X be a closed fuzzy set and let p be a fuzzy point in X such that

per’. Using (iii), there exist open fuzzy sets u; and p, such that pep,;, . C p, and m
C wh. Since w; C uy and py C b, therefore u; C up. Hence (X,T) is regular.

3.11 Theorem

Let (X,1) be a topological space. Then, (X,t) is regular if and only if (X, w(t))
is regular.

Proof: Let (X,t) be a regular space. Let p be a fuzzy point in X and rew(t)
such that peh. Let r = § (p(x,) + Mxp)). Then p(x,) <r< A(xp), ie. xpeA "N (r,1].
Using the regularity of X, there exists Uet such that x,¢ U C U C A~ '(r,1]. Using
Theorem 3.2 (iii), the following inclusions become clear: per yy C r xu C
I Ya-yr1) € A

The fact that ryyew(t) completes the proof of the first implication.
Conversely, let (X,w(t)) be a regular space. Let Uet and xpeU. Take p to be

the fuzzy point in X for which p(xp) = 0.9. Then pe xy and yyew(t). Therefore,
there exists pew(t) such that pen C uCyy. Using Theorem 3.2 (i), we get cl(u™"
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(0.9,1]) C (clw) ~'0.9,1] C xu ~'[0.9,1] = U. Let V=p"" (0.9,1]. Then Vet and
x0eV C V CU. This completes the proof of our theorem.

3.12 Definition

A fuzzy topological space (X, T) is said to be normal iff for every pair of closed
fuzzy sets A;, A, such that A; C ), there exist open fuzzy sets u,, u, such that A, C p,
C o C A

An important and useful characterization of fuzzy normality is given in the
following theorem.

3.13 Theorem
Let (X,T) be an fts. Then the following statements are equivalent:

i) (X,T) is normal.

ii) For every closed fuzzy set ¢ in X and for every open fuzzy set A such that o
C A, there exists an open fuzzy set u such that oCpuCpCA.

iii) For every closed fuzzy set o in X and any closed fuzzy set A C o', there
exist open fuzzy sets u; and p, such that A C p;, oCpy and pyCpj.

iv) For every closed fuzzy set A and open fuzzy set u such that ACp, there
exists a fuzzy set o such that ACo°CoCp.

Proof: For the proof of the equivalence of (i), (ii) and (iii), imitate the proof of
Theorem 3.10.

(ii)—(iv) is immediate.

(iv)—(ii) Let o be a closed fuzzy set in X and let A be any open fuzzy set such
that 6C\. Using (iv), there exists a fuzzy set & such that 6C8°CdCA. The proof is
completed by taking u = 8°. Indeed u==58°Cs implies pCs. Consequently, u is an
open fuzzy set in X satisfying cCpuCuCA.

3.14 Theorem

Let (X,t) be a topological space. Then (X,t) is normal if and only if (X, w(t)) is
normal.

Proof: (—) Let A be a closed fuzzy set and p be any open fuzzy set in the fuzzy
topological space (X,w(t)) such that ACp. Then A:X—[0,1]CR is an upper
semicontinuous function and u:X—[0,1]CR is a lower semicontinuous function. By
Tong (1952), there exists a continuous function f: X—R such that AM(x) < f(x) <
u(x) for every xeX. Since A(x) = 0 and p(x)=<1 for every xeX, therefore 0<f(x) <1
for all xeX, i.e. fis actually a fuzzy set in X. Since f: X—[0,1] is continuous, so fis




314 Ali Ahmad Fora

lower semicontinuous and upper semicontinuous. Hence f = f=f°". Thus, by
Theorem 3.13 (iv), (X,w(t)) is normal.

(«) Conversely, let (X,w(1)) be normal. Let A, B be two disjoint closed sets in
(X,1). Then x4, xs are closed fuzzy sets in (X,w(t)) and yaCyxp. Thus there
exist A uew(t) such that yoCA, xgCwm and ACW. Let U=A"' (0.9,1] and
V=n"1(0.9,1]. Then U, Ver, ACU,BCV and UNV=4¢. This completes the proof
of our theorem.

To proceed for our next results, we need the following definition.

3.15 Definition

A family B of fuzzy open sets in X is called a base for a fts (X,T) iff members of
T can be written as unions of members of (3.

3.16 Definition

A family ¢ of fuzzy open sets in X is called a subbase for a fts (X, T) iff the
family of finite intersections of members of ¢ forms a base for (X,T).
3.17 Definition (Hutton 1975)

The fuzzy unit interval [0,1](L) is the set of all monotonic decreasing functions
A R—L satistying:

i) Mt) = 1 for t <0, teR,
ii) AM(t) = 0 for t > 1, tR;
after the identification of A: R — L and w:R—L iff A(t—) = w(t—) and AMt+) =

w(t+) for every teR (where A(t—)=inf {A(s): s<t} and AM(t+)=sup {A(s): s>t}).

We define an L-fuzzy topology on [0,1] (L) by taking as a subbase {L,,R,: teR}
where we define

L(}) = (Mt=))" and R(A) = Mt+).

This topology is called the usual topology for [0,1] (L).

It is easy to see that § = {R, N Ly a,beR} is indeed a base for the usual fuzzy
unit interval [0,1] (L).

The following result is another characterization of normal space.
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3.18 Theorem (Hutton 1975)

A fuzzy topological space (X,T) is normal iff for every closed set A and open
set w such that A C u, there exists a continuous function f: (X,T) — [0,1] (L) such
that for every xeX

Mx) = f(x) (1-) = flx) (0+) < p(x).

3.19 Definition

A fuzzy topological space (X,T) is called completely regular iff for every open
fuzzy set A and every fuzzy point p in X such that pe), there exists a continuous
function £:(X,T) — [0,1] (L) such that for every xeX

p(x) = flx) (1-) = f(x) (0+) < Mx).

3.20 Theorem

A topological space (X,t) is completely regular if and only if (X,(t)) is
completely regular.

Proof: Let (X,t) be a completely regular space. Let hew(t) and p be a fuzzy
point in X such that pek. Let r = i(p(x,) + A(x,)). Then p(x,) < r < A(x,), Le,
xpeA~'(r,1]. Since A7'(r,1]et, there exists a continuous function f: (X,1) — [0,1]
such that f(x,) = 1 and A(X—A7'(r,1]) = 0. Define g: (X,w(t)) — [0,1] (L) as
follows:

gx)(t) = ey (x) if £20, teR, xeX;
=1 if t<0, teR, xeX.

Then g(x)e [0,1] (L) for every xeX, i.e. g is a well-defined function. It is easy to
observe that g~ '(R,) = rs-ii,1) €w(7) if £=0, and g7 '(R,) = 1 ew(t) if t<0. We can
also observe that g~ '(L,) = rys-io,y ew(t) if £>0, and g7(L,) = 0 ew(t) if t<0.
Hence g is a continuous function. Doing some calculations one can verify the
following inequalities:

pi)= glx) (1-)< gx) (0+)=< A(x), xeX.

Conversely, let (X,w(t)) be a completely regular space. Let xoeX and Uet such
that x, eU. Take p to be the fuzzy point with p(xp) = 0.9. Then p € ¥y and xyew(t).
Thus there exists a continuous function f: (X, w(t)) —[0,1] (L) such that p(x)<
f(x)(1-)= f(x)(0+)=< yu(x) is true for all xeX. It follows that f(xo)(1—)= 0.9 and
f(x)(0+) = 0 for all xeX—U. Define g: (X, 1) — [0,1] by g(x) = inf {teR: f(x)
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(t—)<t}. Since f(x)(2—) = 0<2 and f(x)(r—) = 1>r for all r<0, it follows that g is a
well defined function. The fact that fix)(r—) = 0 < r for all r > 1 implies that g(x)
< 1. Since f(x0)(0.9)= f(x0)(1-)= 0.9, we have f(xo)(t—)= f(x0)(0.9—)= 0.9 =t
whenever t=< 0.9. It follows that g(xo) > 0.9. Now, if xeX—U then f(x)(t—) = 0<t
whenever t>0. Hence g(x) = 0, i.e. g(X—U) = 0. Doing some calculations, we find
that g71[0,¢) = (f~* (L)) '(1—t,1]er and

g (1] = (FT'(R)) U] evyte [0,1].

Consequently g is a continuous function. Let h: [0,1] — [0,1] be defined by
h(x) = 1—90 xif 0 = x=<0.9and h(x) = 1if 0.9 < x < 1. Then hog: (X,t) — [0,1] is

a continuous function and (hog)(x¢) = h(g(xo)) = 1, (hog) (X—U) = h(0) = 0. This
completes the proof of the theorem.

3.21 Definition

A fuzzy topological space (X,T) is called functionally Hausdorff iff for any two
distinct fuzzy points p and g in X, there exists a continuous function f: (X,T) —
[0,1] (L) such that for every xeX

px)= fx)(1-)= f(x)(0+)= q'(x).

3.22 Theorem

A topological space (X,t) is functionally Hausdorff if and only if (X,w(t)) is
functionally Hausdorff.

Proof: Let (X, t) be a functionally Hausdorff space. Let p,q be two distinct
fuzzy points in X. Then x,,xq are two distinct elements in X. Thus there exists a
continuous function f: (X,t) — [0,1] such that f(x,) = 1 and f(xy) = 0. Define
g:(X, w(r)) — [0,1] (L) as follows:

gx)(t) = Xf-1(t,1] (x), xeX, teR.

Then it is easy to check that g(x)e[0,1] (L) for all xeX, i.e., g is a well defined
function. Doing some calculations, one can verify the following inequalities: p(x)=<
g(x)(1-)< g(x)(0+)=< q' (x) for all xeX. Since g~ '(R,) = Xr-1t,1) €0(r) and g~ '(L,)
= Yo,y Ew(T), te[0,1], g is a continuous function.

Conversely, let (X, w(t)) be a functionally Hausdorff space. Let xo, yo be two
distinct elements in X. Take p,q to be the two fuzzy points in X for which p(xp) =
q(yo) = 0.9. Then there exists a continuous function £:(X, w(t)) — [0,1](L) such
that for any xeX we have p(x)< f(x)(1-)< f(x)(0+)< ¢'(x). It follows that
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f(xo)(1—)= 0.9 and f(y,)(0+)=< 0.1. Define g: (X,t) — [0,1] by g(x) = inf {teR:
f(x)(t=)< t}. Then, as in the proof of Theorem 3.20, g is a well defined continuous
function satisfying the inequalities: g(xo) > 0.9 and g(yo) < 0.1. Define h: [0,1]

—[0,1] by h(x) = 0 if 0=<x=<0.1, h(x) = 19 (x—0.1)if 0.1 < x < 0.9, and h(x)

= 1if 0.9 < x <1. Then hog: (X,t) — [0,1] is a continuous function satisfying:

(hog) (xo) = h (g(xo)) = 1 and (hog) (yo) = h (g(yo)) = 0. This completes the proof
of our theorem.

References

Chang, C.L. (1968) Fuzzy topological spaces, J. Math. Anal. Appl. 24: 182-190.

Conrad, F. (1980) Fuzzy topological concepts, J. Math. Anal. Appl. 74: 432-440.

Hutton, B. (1975) Normality in fuzzy topological spaces, J. Math. Anal. Appl. 50: 74-79.

Hutton, B. (1977) Uniformities on fuzzy topological spaces, J. Math. Anal. Appl. 58: 559-571.

Hutton, B. and Reilly, I. (1980) Separation axiom in fuzzy topological spaces, Fuzzy Sets and Systems,
3: 93-104.

Ming, Pu-Pao and Ming, Liu Ying (1980) Fuzzy topology, I.J. Math. Anal. Appl. 76: 571-599.

Sarkar, M. (1981) On fuzzy topological spaces, J. Math. Anal. Appl. 79: 384-394.

Srivastava, P., Lal, A.N. and Srivastava, A.K. (1981) Fuzzy Hausdorff topological spaces, J. Math.
Anal. Appl. 81: 497-506.

Tong, H. (1952) Some characterizations of normal and perfectly normal spaces, Duke Math. J. 19: p.
289-292.

Weiss, M.D. (1975) Fixed points, separation, and induced topologies for fuzzy sets, J. Math. Anal.
Appl. 50: 142-150.

Wong, C.K. (1974) Fuzzy points and local properties of fuzzy topology, J. Math. Anal. Appl. 46:
316-328.

Zadeh, L.A. (1965) Fuzzy sets, Inform. and Control. 8: 338-353.

(Received 18/03/1987;
in revised form 17/08/1987)




318 Ali Ahmad Fora
TR PSRN S TU | B W [

6)‘,3-'\??&}9

TS | WV B PP I PV

po s seg e JU5 (9) 3 O o ils gy sld (& ) OF (24
Lalall il ) o ompd sl el e 8, all ddindl ezl a0 Dl
 ps il el s o it Sl s 31 e i) L[V ¢ ko]
sty Ll (1) of badl Ladagy oLl plas ¥y JI) o) pnsl3
(=) > ) AL aall O 13) Jasbg 150 1o Gosdmsle 0550 (& ¢ )
Loy 13) Lalf | dazie 0,80 (o () sl sl (9) 5 dbs Gustesla

L»Lcuha((u); () Sl eladt oS 13



http:J.JJ...L....JL
http:J.JJ..L.....JL

