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The Smoothness of the Heat Equation Solution
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ABSTRACT. It is well known that the heat operator is an isomorphism from a certain
Sobolev space onto the space of square integrable functions, as long as the domain of
these functions is smooth (cylindrical). We prove that the same result remains true
when the domain is any convex polyhedron. The proof uses the elliptic regularization
method and some results of Sadallah (1976).

1. Introduction

Let Q be any bounded convex polyhedral domain in R**!, generated by the
variables (t,x), where x = (xy,..., X,). We denote by I" the boundary of Q and by I'y
the part of I' which satisfies:

(T,x) € 'y , where T = sup t
(tx) el

For the definition and propreties of convex polyhedral domains, see for example
Glazman and Liubitch (1974).

We are concerned with the following problem:
The existence and the uniqueness of the solution u € H'? (Q) of:

(P)! { du — D u— - — D} u e LA(Q)

= f
ul =0
r—ry

where H'? (Q) = {u € H! (Q), Dy; Dy u € L? (Q); i,j = 1,..,n}.
L? (Q) being the space of the functions the squares of which are integrable in Q.
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Also, the space (of Sobolev) H'** (Q) is a space which, when equipped with the
norm:

n
[ullizey = (lullfoe + X Dy Dy, ull)%
ij=1

becomes a Hilbert space.
We note that ||-|| (without index) denotes throughout this paper the L? norm.

We remark that the boundary condition of problem (P) is justified by the
theory of symmetric systems of Lax and Phillips (1960) and the theory of Kohn and
Niremberg (1967).

Problem (P) has been solved in the case of one space variable (n = 1) by the
elliptic regularization method (Sadallah 1976) and by the approximation method of
the domain €, (Sadallah 1983). In present paper the former approach is used
because it agrees better with the method of the mathematical induction (on n).

Our main result is similar to the one obtained with one space variable, this is:

Theorem 1.1. When Q is a bounded convex polyhedral domain of R**!, the
heat operator D, — A is an isomorphism from

HI?(Q) = {u e H2?(Q) , = 0} onto L2 (Q)

Ylror,

Observe that this result is not true when Q is not convex, even if Q is
cylindrical with respect to the time variable. Indeed, the non convexity of €2 allows
some singular solutions to appear, hence, making the space of the solutions larger
than H!? (Q) [see, for instance, Moussaoui and Sadallah (1981, 1984)]. The proof
of theorem 1.1 will be achieved by induction (on n). Since the case n=1 has been
studied, See Sadallah (1976), it remains to show how to pass from the dimension n
to the dimension n + 1.

For simplicity, we restrict ourselves to exhibit the details of the passing from
one space dimension to two dimensions, knowing that the general case may be
treated similarly.

2. The study of the regularized problem

From now on, (x, y) will denote the two space variables. We introduce the
following hypothesis on the boundary of Q :

(H) { Ty is reduced either to one point or to one segment (of R)
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This condition permits us to replace the boundary condition W S 0, valid
almost everywhere, by u|. = 0. In general case, (H) means that dim 'y < n.
Now, consider the following (regularized) problem which is to solve under the
condition (H) :
Existence and uniqueness of the solution
u, € H? (Q) N HY (Q) of the equation:
Du, — ¢ D3 u, — D% u, — D2y u = f e L? (Q),
where ¢ > 0.

(Pe)

2.1. Resolution of problem (P.)

Theorem 2.1. For each positive € and f € L? (Q), problem (P,) has one and
only one solution.

Proof: The domain Q has the continuation proprety of Necas (1967) because
Q is convex and bounded. Hence, the operator D;:H*(Q) — L?(Q) is compact,
consequently, the operators ¢ D + D% + D3 and D, — ¢ Df — D% — D? have the
same index.

Observe that the Sobolev spaces, the convexity of domains and the condition (H)
are preserved under the change of variables:

Q— Q,
(t’X)Y) = (t/\/ﬁ_v X’Y)

Moreover the operator ¢ D} + D% + D} becomes A = D? + D% + D3.
Therefore, Pbm (P.) is equivalent to the following one :

Existence and uniqueness of the solution
(PY) ve € HA(Q,) N H. (RQ,) of the equation:
q
D, + D v, + D} v, = g € LQ))

Indeed, it suffices to put:

ue(t,x,y) = ve(tve X,y)
f(tLxy) = g (tva x.y)

Finally, we know—XKadlec (1964)—that problem (P’) has a unique solution.
C.Q.D.
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2.2. A priori estimate

We shall look for an a priori estimate of the type of the second fundamental
estimate of Ladyzhenskaya and Ural'tseva (1968). More specifically, we shall
prove the following

Proposition 2.2. There exists a positive constant C, which only depends on the
geometry of €, such that:

Il + & [IDful| + Ve (IDDyul| + [IDDu])) < C [Ifl|
where u, is the solution of problem (P,).
To derive this basic inequality, we need the results of the four following lemmas.
Let (- , *) be the scalar product of L*(Q).
Lemma 2.3. One has:

(Di Ug, Dzy ug) = ”DnyUsH2
(D% Ug, D%( u) = ”DleUEHZ
(D% u., D3 u,) = ||DDyu?

It is a result of Grisvard (1975).

Lemma 2.4. There exists a positive constant L. which only depends on the
geometry of Q, such that:

luell® + IDaucll® + [IDyucll* < L [If]®
Indeed, the boundary condition ugr = 0 implies:
(fue) = e [[Duel® + [[Dyuef* + [[Dyu]?
Therefore:
IDal? + [IDyucl? < € fucl® + 4 - 1% ¥ £ > 0.

We obtain the estimate of the lemma by applying Poincaré inequality (here, u,
e HY (Q) and Q is bounded) and choosing ¢ small enough.

Lemma 2.5. When n = 1, there exists a positive constant M which only
depends on the geometry of 2, such that:
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M
zsl(DluuD%ue)l + 2'(Dtusa Diue)‘ = eM”DquHZ + N2 ! “Dxue“2
< eMlID2u ) + Mgz v o€ > 0
for all positive € small enough, Here, x is the (unique) space variable.

This lemma is a result of Sadallah (1976).

The analogous of this lemma for n = 2 (which is required for the induction) is
the following

Lemma 2.6. There exists a positive constant M’, which only depends on the
geometry of €, such that:

2¢/(Du,, Diug)| + 2|(Dwe, Diwo)| + 2/(Duwe, Djue)| <
, B Ml
< e ([D2ul? + [D3uell? + = (IDsull® + [Dyuel)

’ M'
< o' (ID2uP + (D3l + - R v o€ >0

for all positive € small enough.
Proof: Letus set Q, = Q N {y = constant}, Q, = Q N {x = constant} and [,

(resp. T,) the boundary of (resp. Q,). Hence, Q, (resp. Q,) is a polygonal
domain in (t,x) (resp. (t,y)) and we have, for almost every y (resp. x):

ulg, € H? (Q,) N HL(K,) (resp. ulq, € H? (Q,) N HL(RY).
Then, the first inequality of Lemma 2.5, yields:

2¢|(D,u, D) + 2[(Dywg, Diug)| + 2|(Dwe, Diug)| =

| Iy 2e(Dyu,, Dzlue)umy)d)’|+| ,[y 2(Dyu,, Diue)Lz(Qy)le +

+ | J.2(Dwe, Due)xe,dx|

<15, ¢ MO p,fiia, + MO) - € [IDiucliaay) dy +
+{ fx { %x) ”Dyue“ZU(Q,) + M(x) - ¢ ||D2yue||21;2(9,)} dx

< M (Dl + IDyudl?) + M1 (D3P + D3l

© Mg+ MG + D3, ¥ € 0 (Lemma 2.4),
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where M’ = sup (M(x) + M(y)). This supremum is bounded because the functions
M(x) and M(y) only depend on the positions of the faces (of Q) with respect to the
coordinates system and because the number of these faces is finite. This proves the
lemma.

Proof of Propo. 2.2. Expanding the expression
> = |IDue — &€ Dfu, — D3u, — Dju.|?,

we get, by lemma 2.3.:

I£12

IDw[|* + €[[Ducll® + 2¢ |[DDyuel* +

+ 2¢ [DDyul* + [Ducll* + [[IDJucll® +

+

2 ”DnyuE”2 -2 [E(Dlus’ D%ue) + (Dlusa D?(us) +

+ (DluE) Dius)]

Furthermore, lemma 2.6 gives the estimate
IDw/> + € ||IDhu||* + 2¢ ||DDyu||* + 2¢ |DDyucl|> +

+ 2 [DDyulP + (1 = M) (ID3uf? + [D3ucl?)

<M. veso
The proof ends by choosing 1 small enough (e.g. | = 1/2M’) in the previous
inequality and making use of lemma 2.4

C.Q.D.
3. Proof of Theorem 1.1.

We shall consider the two possible cases depending on whether hypothesis (H)
is verified or not.

3.1. Case one: Q verifies the condition (H).

For all ¢ > 0 and f € L* (Q), there exists, according to Theorem 2.1, u, €
H(Q) N HL(Q) which is a solution of the equation:

(1) Dwu, — ¢ D, — D%y, — D%, = f
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Since u, satisfies the estimate ||u.||12gq) < C [|f|| (see Propo. 2.2), where C does
not depend on ¢, there exists a subsequence u, (weakly) convergent in H'"%(Q) to
a function u, when ¢; tends to 0. Clearly, u € H'*(Q) N H4(Q) (because each U, is
in the same space).

Moreover, Propo. 2.2. also shows that ¢ D%uei is (weakly) convergent to 0.
Thus, putting ¢ = ¢ in Equation (1) and making g — 0, we get:

Du — D%u - Dzyu = f

3

where u e H4(Q) N HL(Q). This proves the existence of the solution of problem

(P).

As for the uniqueness of the solution, if we assume that Du — Au = 0, we
deduce:

0 = (Du — Au, u) = |[Dull* + ||Dyull?,
consequently Dyu = Dyu = 0, thus D3u = D3u = 0.
The equation Diu — A u = 0 leads to Du = 0.

The solution u is then a constant and u|r = 0.

Hence, u = 0.
3.2. Case two: Q does not verify the condition (H).

In this case, 'y is a polygonal domain. We shall reduce the problem to the
previous case by a suitable extension of the domain Q.

Let A be a point of R? such that its first coordinate t, verifies t, > T = sup t.

We project the point A (parallely to the time axis) on the plane of I'y. A is chosen
such that its projection (on I'y) belongs to I'y.

Then, the cone C of vertex A and base ['y (its altitude is h = t, — T) is convex. By
choosing h small enough, it is always possible to make the polyhedron Q°=Q U C
convex. So, Q° is a polyhedron which satisfies the hypothesis (H).

In general case, it is suitable to express this idea in terms of convex envelopes.
Now, if f is given in L%(Q) we denote by f (¢ L%(Q°)) the continuation of f by 0 in

Q°. Hence, according to section 3.1., there exists u € H"*(Q°) N Hy(Q°) solution
of D — A u = f. Therefore, the restriction u|g of u is a solution of problem (P) in
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Q. This proves the existence of the solution. As regards the uniqueness, the proof
is similar to the first case.
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