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The Smoothness of the Heat Equation Solution 
in a Singular Domain of Rn + 1 

Boubaker-Khaled Sadallah 

Dept. of Mathematics, E.N.S., Kouba, Algiers 

ABSTRACT. It is well known that the heat operator is an isomorphism from a certain 
Sobolev space onto the space of square integrable functions. as long as the domain of 
these functions is smooth (cylindrical). We prove that the same result remains true 
when the domain is any convex polyhedron. The proof uses the elliptic regularization 
method and some results of Sadallah (1976). 

1. Introduction 

Let Q be any bounded convex polyhedral domain in R n+ 1, generated by the 
variables (t ,x), where x = (Xl,"" Xn). We denote by r the boundary of Q and by r N 

the part of r which satisfies: 

(T,x) E fN , where T = sup t 
(t,X) E r 

For the definition and propre ties of convex polyhedral domains, see for example 

Glazman and Liubitch (1974). 


We are concerned with the following problem: 


The existence and the uniqueness of the solution u E HI,2 (Q) of: 


ul 
dIU - 0;, u - ... - O;n u = f E L2(Q) 

r-rN 
= 0 

where HI,2 (Q) = {u E HI (Q), 0xi OXj u E e (Q); i,j = 1, .. ,n}. 

L2 (Q) being the space of the functions the squares of which are integrable in Q. 
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Also, the space (of Sobolev) H i ,2 (Q) is a space which, when equipped with the 
norm: 

o 

(1I u I111'(Q) + I: IIDx, Dx; ul1 
2
W2 

i,j~i 

becomes a Hilbert space. 

We note that 11·11 (without index) denotes throughout this paper the L2 norm . 

We remark that the boundary condition of problem (P) is justified by the 
theory of symmetric systems of Lax and Phillips (1960) and the theory of K\Jhn and 
Niremberg (1967) . 

Problem (P) has been solved in the case of one space variable (n = 1) by the 
elliptic regularization method (Sadallah 1976) and by the approximation method of 
the domain Q, (Sadallah 1983). In present paper the former approach is used 
because it agrees better with the method of the mathematical induction (on n). 

Our main result is similar to the one obtained with one space variable, this is: 

Theorem 1.1. When Q is a bounded convex polyhedral domain of RO+l, the 
heat operator D t - 6 is an isomorphism from 

H~ ,2 (Q) = {u E H i ,2 (Q) ,ul _ = O} onto L2 (Q)
r r N 

Observe that this result is not true when Q is not convex, even if Q is 
cylindrical with respect to the time variable . Indeed, the non convexity of Q allows 
some singular solutions to appear , hence , making the space of the solutions larger 
than H~·2 (Q) [see, for instance, Moussaoui and Sadallah (1981,1984)1 . The proof 
of theorem 1.1 will be achieved by induction (on n). Since the case n =1 has been 
studied, See Sadallah (1976), it remains to show how to pass from the dimension n 
to the dimension n + 1. 

For simplicity, we restrict ourselves to exhibit the details of the passing from 
one space dimension to two dimensions , knowing that the general case may be 
treated similarly. 

2. The study of the regularized problem 

From now on, (x , y) will denote the two space variables. We introduce the 
following hypothesis on the boundary of Q : 

(H) {rN is reduced either to one point or to one segment (of R) 
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This condition permits us to replace the boundary condition ul =0, valid 
r-r" 

almost everywhere, by ul = O. In general case , (H) means that dim fN < n.r 

Now, consider the following (regularized) problem which is to solve under the 
condition (H) : 

Existence and uniqueness of the solution 


U E E H2 (Q) n H~ (Q) of the equation: 


DtuE - £ D~ UE - D2x UE - D 2y UE = fEe (Q), 


where £ > O. 


2.1. Resolution of problem (PE) 

Theorem 2.1. For each positive £ and f E L 2 (Q) , problem (P£) has one and 
only one solution . 

Proof: The domain Q has the continuation proprety of Necas (1967) because 
Q is convex and bounded . Hence, the operator Dt:H2(Q) ~ L2(Q) is compact , 
consequently , the operators £ D7 + D; + D~ and Dt - £ D7 - D; - D~ have the 
same index. 

Observe that the Sobolev spaces , the convexity of domains and the condition (H) 
are preserved under the change of variables : 

Q~Q£ 

(t,x,y) ~ (t/~ x,y) 

Moreover the operator £ D7 + D; + D~ becomes /'::, = D7 + D; + D~. 
Therefore , Pbm (P£) is equivalent to the following one: 

Existence and uniqueness of the solution 

(P'£) 
 v£ E H'-.(Q£) n H~ (Q E) of the equation:

1D7v£ + D; v, + D~ v£ = g E L2(Q,) 

Indeed, it suffices to put : 

u£(t ,x,y) v, (t/v'O x,y) 


f (t,x ,y) g (t/vu x,y) 


Finally, we know-Kadlec (1964)-that problem (P',) has a unique solution. 
C.Q .D . 
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2.2. A priori estimate 

We shall look for an a priori estimate of the type of the second fundamental 
estimate of Ladyzhenskaya and Ural'tseva (1968) . More specifically, we shall 
prove the following 

Proposition 2.2. There exists a positive constant C, which only depends on the 
geometry of Q, such that: 

where u € is the solution of problem (PE). 


To derive this basic inequality, we need the results of the four following lemmas . 


Let (- , .) be the scalar product of L2(Q) . 


Lemma 2_3. One has: 

(0; uE , D~ uE ) II DxDyuEI12 

(D~ u£> D~ uE) IIDtDxuEW 

(D~ uE , D~ uE ) IIDtD y uEI1 
2 

It is a result of Grisvard (1975) . 

Lemma 2.4. There exists a positive constant L which only depends on the 
geometry of Q, such that : 

Indeed, the boundary condition uElr = 0 implies: 

Therefore: 

We obtain the estimate of the lemma by appJying Poincare inequality (here, UE 
E H~ (Q) and Q is bounded) and choosing e smaJl enough. 

Lemma 2.5. When n = 1, there exists a positive constant M which only 
depends on the geometry of Q, such that: 
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M 2 ~ eM 110~uE112 + e . IIO, uEI1 

~ eM110~UE112 + ~. Ilf112, V e > 0 

for all positive E small enough, Here, x is the (unique) space variable. 

This lemma is a result of Sadallah (1976). 

The analogous of this lemma for n = 2 (which is required for the induction) is 

the following 

Lemma 2.6. There exists a positive constant M', which only depends on the 
geometry of Q, such that : 

2c:1(0,u" O~uE)1 + 21(0,u" O~u,)1 + 21(0,uE, O~uE)1 ~ 
2~ eM' (110~UEI12 + 110~UE112 + 	 ~' (110,uE11 + IIOyuEI12) 


M' 

~ eM' (1I0;uEII 2 + 1I0~uE1I2 + 	 e' Ilf112, V e > 0 

for all positive E small enough. 

Proof: Let us set Qy = Q n {y = constant}, Qx = Q n {x = constant} and f y 
(resp. fx) the boundary of Qy (resp. Qx). Hence, Qy (resp. Qx) is a polygonal 
domain in (t,x) (resp. (t,y)) and we have, for almost every y (resp. x): 

ulQ,. E H2 (Qy) n H~(Qy) (resp. ulQ, E H2 (Qx) n H~(Qx))' 

Then, the first inequality of Lemma 2.5, yields: 

2el(0,uE, O~E)I + 21(0,uE, O~uE)1 + 21(0,uE, O~u E)1 = 

I SY 2E(0,UE, 0~UEk2(Q,)dyl + I Sy 2(0,uE, O~uEk'(QJdyl + 

+ I Jx 2(0,u[, D~uE)L'(Q,)dxl 


~ I Sy { M~Y) 110,u[II1.'(Q,) + M(y) . e 110~UEllhQ,)} dy + 


+ I Sx { Mix) II0yuEllhQ,) + M(x) . e II O~UEllhQ,)} dx 

~ ~' (11 0 xUE11 2 + IloyuEl1 2) + M' .I (110~u[112 + 110~UEI12) 

~ ~' . ll fl1 2+ M' . I(110~uEI12 + 1I0~uEI12), V e> 0 (Lemma 2.4), 
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where M' = sup (M(x) + M(y)). This supremum is bounded because the functions 
M(x) and M(y) only depend on the positions of the faces (of Q) with respect to the 
coordinates system and because the number of these faces is finite. This proves the 
lemma. 

Proof of Propo. 2.2. Expanding the expression 

we get, by lemma 2.3.: 

IIfl12 IIDtu€11 2 + £2 I1D~€11 2 + 2£ IIDtDxu€11 2 + 

+ 2£ IIDtDyu€11 2 + IID;u€1I2 + IID~u€112 + 

Furthermore, lemma 2 .6 gives the estimate 

IIDtu€11 2 + £2 IID~€112 + 2£ IIDtDxu€11 2 + 2£ IIDtDyu€11 2 + 

+ 2 IIDxDyu€11 2 + (1 - 1M') (1ID;u€1I2 + IID~u€112) 

~ (~' + 1) IIfl12 , V e > O. 

The proof ends by choosing I small enough (e.g. I 112M') in the previous 
inequality and making use of lemma 2.4 

C.Q.D. 

3. Proof of Theorem 1.1. 

We shall consider the two possible cases depending on whether hypothesis (H) 
is verified or not. 

3.1. Case one: Q verifies the condition (H). 

For all £ > 0 and fEe (Q), there exists, according to Theorem 2.1, UE E 
H2(Q) n H~(Q) which is a solution of the equation: 
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Since u£ satisfies the estimate IluEllw2(Q) :0:::; C Ilfll (see Propo. 2.2), where C does 

not depend on E, there exists a subsequence u£ (weakly) convergent in H 1•
2(Q) to 

I 

a function u, when Ej tends to O. Clearly , u E H1.2(Q) n H~(Q) (because each UE is 
I 

In the same space) . 

Moreover , Propo. 2.2 . also shows that Ej D7u£j is (weakly) convergent to O. 
Thus, putting £ = Ej in Equation (1) and making Ej --> 0, we get: 

where u E HI .2(Q) n H~(Q). This proves the existence of the solution of problem 
(P) . 

As for the uniqueness of the solution, if we assume that Dtu - llu = 0, we 
deduce : 

°= (Dtu - II u , u) = IIDxul12 + IIDyuI1 2 , 

consequently Dxu = Dyu = 0, thus D;,u = D~u 0. 

The equation Dtu - II u = °leads to Dtu = 0 . 

The solution u is then a constant and ul r = 0. 

Hence, u "" 0 . 

3.2. Case two: Q does not verify the condition (H). 

In this case, r N is a polygonal domain . We shall reduce the problem to the 
previous case by a suitable extension of the domain Q. 

Let A be a point of R3 such that its first coordinate to verifies to > T = sup t. 

We project the point A (paral\ely to the time axis) on the plane of r N . A is chosen 
such that its projection (on rN) belongs to rN· 

Then, the cone C of vertex A and base r N (its altitude is h = to - T) is convex. By 
choosing h small enough , it is always possible to make the polyhedron Q O = QUe 
convex. So, Q O is a polyhedron which satisfies the hypothesis (H). 

In general case, it is suitable to express this idea in terms of convex envelopes. 

Now, if f is given in L2(Q) we denote by f (E L2(QO)) the continuation of f by °in 
QO . Hence , according to section 3.1. , there exists u E Hl ,2(Qo 

) n H~(QO) solution 
of Dtu - II u = f. Therefore, the restriction ulQ of u is a solution of problem (P) in 
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Q. This proves the existence of the solution. As regards the uniqueness, the proof 
is similar to the first case. 
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