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AaSTRACT. The following result is proved in this paper: 

Let X be a topological space . 

Then the following are equivalent: 

a) X is subsizable. 

b) X is sizable . 

c) X is submetrizable. 


Several results are obtained as corollaries of the above theorem. These 
corollaries show the powerfulness of this theorem and show that the further study of 
sizable spaces is unwarranted. 

1. Introduction 

Let (X, 1:) be a topological space and let 23 be a base for T. Let L:(XxX)U 23 ~ (0, 
(0) be a function. Then L is called a size function for (X, T(23» if it satisfies the 
following conditions: 

L1) L (x,y) o if and only if x = y, 

Lz) L (x,y) L (y,x) for all x,y £ X 

L3) For any x £ X, for any open set Ux containing x, and for any positive real 
number r, there exists a basic open set V x,r £ 23 such that 

x £ Vx,r ~ Ux and L(Vx,r) < r. 

L4 ) For any V ,V' £ 23 and for any x,x' £ V; y,y' £ V', we have 

L(x' ,y') :s L(x,y) + L(V) + L(V'). 
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A space (X,T) is called a sizable space if the topology T on X has a base !l3 and an 
associated size function L. This space will be denoted by (X, T(!l3),L) . 

A topological space is called submetrizable (resp. subsizable) if it is mapped 
onto some metrizable (resp. sizable) space by a continuous, one- to- one map . 

The following theorem characterizes size functions on a given topological 
space (X,T). For the proof, consult (Fora 1983) . 

1.1 Theorem 

i) Let (X ,T (!l3), L) be a sizable space. Let V £ !l3 be a basic open set. Then 
for any a ,b E V and for any XEX , we have 

L(x,b) ~ L(x,a) + L(V) . 

ii) Let (X,T (!l3)) be a topological space and let L:XxXu !l3 ~ [0 , (0) be a 
function satisfying (L1) , (Lz), (L3) and the following condition: 

L4)' For any V E !l3 and any a ,b E V , x E X, we have 

L(x,b) ~ L(x,a) + L(V) . 

Then L is a size function for (X ,T (!l3)) . 

The following two theorems give some properties of sizable spaces (see Fora 
1983 and Fora 1984 b) . 

1.2 Theorem 

a) The product of two sizable sp~es is sizable. 

b) "Being sizable" is a hereditary property. 

c) "Being sizable" is a topological property . 

1.3 Theorem 

a) Every metric space is sizable . 


b) Every point in any sizable space is a Go - set. 


2. Main Result 

We shall start this section by the following theorem. 

2.1 Theorem 

Let (X ,T) be a topological space. 

Then the following are equivalent. 
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(1) X is subsizable. 

(2) 	 X is sizable. 

(3) X is submetrizable. 

Proof 

(1) implies (2) : Let (X,T) be a subsizable space . Then there exists a sizable 
space (Y ,Ty) and there exists a one-to-one map f:X~Y which is continuous. Since 
(Y,T y) is sizable, there exists a base !By for T y and there exists a size function Ly 
for (Y,T(!By)). 

Define 	!B as follows : 

!B = {GnC-1(B): GET and B E !By} - {<j>}. 

Then!B is a base for T because f is continuous and !By is a base for T y. 

Define L: (XxX)U !B ~ [0, 00) as follows : 

L(x,x') = Ly (f(x), f(x')) , X,X'EX; and 


L(U) = inf {Ly(B): U = GnC- J (B) , GET and B E!By } , UE!B. 


Then L is a size function for (X,T(!B)) because: (L1) and (i.:2) are easy to prove 
because Ly is a size function and f is a one-to-one map . 

To prove (L4), let V,V' E!B and let X,X'E V;y,y' EV' . Let r be any positive real 
number. Then , from the definition of L, there exist GET, G'ET, BE!By , B' E!By 
such that 

v = Gnf- 1 (B) , V' = G'nf- J (B') and 

L(V) ::; Ly (B) < L(V) + ! r , L(V') ::; Ly (B') < L(V') ; + ! r. 

Since X,X'E V;y,y'EV';, therefore f(x), f(x') E Band f(y),f(y') E B'. Applying (L4) 
for Ly , we get 

L(x' ,y') = Ly(f(x') , f(y')) ::; Ly (f(x), f(y)) + Ly(B) + 

Ly (B') < L(x ,y)+L(V)+L(V')+r. 

Since r is an arbitrary small positive real number , therefore L(x' ,y') ::; L(x,y) + 
L(V)+L(V') and hence (L4) is proved. 

To prove (L:J), let XEX and let Ux be any open set in X containing x. Let r be any 
positive real number. Let BE !By be any basic open set such that f(x) EB ~ Y and 
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Ly(B) < r. Then x E V = Uxnf- 1 (B)E23 and L(V) s Ly(B) < r. This completes 
the proof of the implication. 

(2) implies (3): Let (X,T(23), L) be a sizablespace . We may assume that L s 
and XE23 (see Fora 1983). 

The following definition is needed : A basic chain from XE X into YEX is a finite 
sequence of basic open sets {VJ,V2' ... Vo } such that XEV\, YEVo and VinVi+\ *' <t> 
for i=1,2, ... , n-l. Notice that basic chains always exist between points in X 
because XE 23. Define d:XxX ~ R as follows: 

n 

d(x,y) = inf {E L(VJ: (Vi)7=\ is a 
.=1 


basic chain from x into y}; x,y E X. 


Then it is clear that d(x,y)= d(y,x) for all x,y E X. To prove the triangle inequality 
of d, let x,y,z E X and let r be any positive real number. From the definition of d, 
there exist two basic chains: 

(Vi)7=t from x into z, and (Ui)"i=\ from z into y such that 

d(x,z) s f: L(Vi) < d(x,z) + ! rand 
.=1 
m 

d(y,z) sE qUi) < d(y,z) + '2
1 

r.
.=1 

Consequently, we have 

m n 

d(x,z)+d(y,z) s E qUi) + .E L (Vi) < d(x,z)+d(y,z) + r. 
i=l 1=1 

Since {V\,V2, ... Vn , U\,U2, ... Urn} is clearly a basic chain from x into y, 
therefore 

m n 
d(x,y) s ,E qUi) +E L(Vi)

.=1 .=1 

Hence, we get d(x,y) < d(x ,z) + d(y,z) + r for every r > O. 

Consequently, we have d(x,y) s d(x,z) + d(y,z). 

It is clear that (L3) implies that d(x,x)=O for every x EX. 

The step "d(x,y) = 0 implies x=y" can be proved from (L4) and the use of the 
following remark. 
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2.2 Remark 

n 

If (Vi)'l=l is 	 a chain from x to y then L(x,y)~ 2E L(V;).
i= l 

Proof 

Let CiE Vi n 	Vi+ 1 (1~ i <n) . Then we have the following three cases: 

case n=l. 	 For X',Y'E VI , take (x=y'=x') by 

(L4) we have 

L(x,y)~L(x,x)+L(V1)+ L(V1)=2L (VI) . 

case n=2, 	 CI,XE VI and CbYEV2 , so by (L4) 

we have 

case n~3 (by induction) , Cb XE VI and Cn-I, YEVn, so 

by (L4) we have 

L(x,y) ~ L(CI,Cn-l) + L(V I) + L(Vn) 

To complete the proof, that d is a metric on X, let d(x,y)=O. Take any r>O. Then 

there exists a basic chain (Vi)?=1 from x into y such that 0 ~ f: L(Vi)<!r . Using the 
1=1 

above remark, we get L(x,y)<r for every r>O. Consequently, we have L(x,y)=O 

which implies that x=y. 

To complete the proof of the implication, we are going to prove that 

T(d)!:T(23). To do this, let YEBd(x,r) (the d-open sphere with center x and radius 

r), where XEX and r>o . Then d(x,y)<r. From the definition of d, there exists a 
n 

basic chain (Vi)7=1 from x into y such that d(x,y) .E L(Vi)<r. We CThim that 
1=1 

Vn !: Bd(x,r) . 

To prove our claim, let ZEVn. Then (Vi)?=1 is a basic chain from x into z. Therefore 
n 

d(x,z)~E L (Vi) < r. Thus zEBd(x,r) and our claim is proved . Now, it is clear that 
1=1 

the identity 	map 

i: (X,T(23)) 	_ (X,T(d)), i(x)=x ,XEX, is continuous and a bijection. 

Hence (X ,T(23)) is submetrizable . 
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(3) implies (1) : the proof is obvious because of Theroem 1.3 (a) . 

3. Significance of the main result 

This section is devoted for emphasizing the importance and the powerfulness 
of Theorem 2.1 . As a conclusion of the results which will be stated in this section 
we shall see that the further study of sizable spaces is unwarranted. 

Let us start this section by the following result. 

3.1. Theorem 

If X IS a countably compact sizable space. Then X is metrizable . 

Proof 

Since X is sizable , therefore X is submetrizable . Hence there exists a metric 
space (Y,d) and there exists a bijective continuous map f: X~Y . If F is a closed 
subset of X, then F is countably compact and therefore f(F) is also countably 
compact. Since Y is a metric space, therefore f(F) is a compact set and hence it is 
closed. 

Consequently , the map f is a closed map and hence it is a homeomorphism. Thus X 
is metrizable . 

We would like to point out that Theorem 3.1 was proved in (Fora 1984 b) by 
using a different complicated approach. 

To prove the next result , we need the following lemma. 

3.2 Lemma 

Let I be an uncountable set of indices and let Xi be spaces containing more 
than one element for uncountably many i's . Then no point of the product space 
X=n{Xi:id} is a Gil - set. 

Proof 

Let P= (Xi)iEl be an element in the product space X. To prove that {p} is not a 

Gil -set, suppose on the contrary; then there exist basic open sets Gk (kEN) in X 

such that {p} = n Gk. Since Gk is a basic open set in X , therefore there exist 
k=l 

basic open sets U oo .k in Xoo ,k (i=l, ... n,(k)) such that 

Gk = U",\,kX .. . x Uan(k) ,k x n {Xj: i =1= o:l,k, ... , 0: n(k),k}. 

Let o:d - {O:i ,( i= 1 ,2, ... , n(j) , j€ N} be such that X", contains at least two elements. 
Then there exist X",l € X", and X",2 € X", such that Xal =1= Xa2' 
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Let Y=(Y;)iEI and Z=(Zi)iEl be elements in X such that Yi= Zi=Xi for i* 0: and Yo: = 

Xo:J, Z,,=Xo:2 ' Then it is clear that n G k contains the distinct points Y and z, and this 
k~1 

contradicts the fact that {p} = n G k . This completes the proof of the lemma. 
k~1 

Now , we are ready to prove the next result. 

3.3. Theorem 

A nonempty product space rt{Xi:iEl} is sizable if and only if each Xi is sizable 
and Xi is a single point for all but a countable set of indices. 

Proof 

(~) Each Xi is homeomorphic to a subspace of the product and hence; 
according to Theorem 1.2 (b,c); sizable. Moreover, every point in the product 
space is a Go-set, if sizable, and thus can be at most a countable product (see 
Theorem 1.3(b) and Lemma 3.2). 

(~): Let Xl, X2, ... be sizable spaces. 

Then , by the use of Theorem 2.1, there exist metrizable spaces Yl ,Y2, ... and 
continuous bijective mappings fj:Xi ~ Yi, i EN . Define 

f:n Xi ~ n Yj by
1=1 i=l 

f(xJ,X2' ... ) = (fl(Xl), f2(x2), XiE Xi' Then it is easy to check that f is a bijective map 

and continuous. Sincen Yi is metrizable according to Theorem 22 .3 in (Willard 
1~1 

1970, p.161), thereforen Xi is a submetrizable space and hence , by Theorem 2.1, 
1=1 

sizable. 

Notice that Theorem 3.3 generalizes Theorem 2.4 in (Fora 1984 a), from finite 
products to arbitrary products. 

As was shown in (Fora 1983), size functions need not be monotonic. The 
following theorem shows that every sizable space admits a monotonic size function. 

3.4. Theorem 

Let (X,T) be a sizable space. Then there exists a base 23 for T and a size 
function L for (X,T) satisfying the condition: 

If U, VE23 and U \: V, then L (U)$L(V) 
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Proof 

Let (X,T) be a sizable space. Then, by the use of Theorem 2.1, there exists a 
metric space (Y,d) and a continuous bijective mapping f: X~Y. Let 'By denote the 
base for Y consisting of all open spheres in Y. Define 'B as follows: 

23 = {G n f-l(B) : GET and BE 'By} - {<j>}. 

Then 'B is 	 a base for T because f is continuous and 'By is a base for Y. 

Define 	 L : (X x X) U 'B ~ [0, x) as follows: 


L(x,x') = d(f(x), f(x'))' X,X'E X; and 


L(U) inf {Od(B) : U = G n f- I (B), G ET 


and BE 'By}, UE 23. 

Then L is a size function for (X,T) (the proof is the same as in Theorem 2.1 :(1) 
implies (2» and moreover it is easy to check that L(U):5L(V) whenever UCV; U, 
VE 'B. 
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