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A Nin Point Formula to Appro imate the 
Lapla Op ator for Irregula Domains 

Abstract: A nine formula to approximate the 
'-'''IJH.l'A.. operator for domains has been derived 
using the Taylor series. This formula proved to be of order 
0(h2). A with those methods on finite 
difference and finite element has shown that the above 
formula is more accurate. 
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Introduction: 

differential associated with the In two 

HF +F + F (x, y+h) + F (x, y-h) -4 F (x,y) 

y+h)+F (x-h,y+h)+F (x-h,y-h)+F (x+h, 4 F y)J 

each them '\72 in a domain I.e. 


h~ '\72 U H u + 0 ( h' ) [6] 


XF 

Another operator on nine by 

h~ '\72 U K u + 0 ( h4 ) where K == 4H + 2X [3], [6] 

is more accurate than both H and X. 

In irregular domains H as follows: 

(1) H== 
+ 

------]+
h] 

-------+-------]
y h4 ) u(x, y) 

h4 
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u(x + hS' y+ hs) U(X,y) U(X h7, y + h7) U(X,
X:::--- -------- + --------- + 


h5 h7 


1 u(x - h6,y + 
--[ --------+--------

h6 

together with many methods that near the boundary domains, in 
applications, causes calculation difficulties. 

np,."tn,. depending on points, seven of which be non-node! points, has been 
np,."tn,. is K::: 4H + 2X, i. e. 

8 

(3) 	 Ku \72 U ::: L a/u j , 

i=O 

8 	 8 8
(4) 	 ----- , a2 ::: , a3 ::: ---- 

h2 5j (s/ + 53) h2 52 (52 + 54) h2 S, (53 + 

2 	 2 -----, a8 ::: ----- , and 
+ ss) 	 h2 S8 

8 

a::: L ai, where h is h; s; h, 0 < Sj :; 1, and h is the of 

i=O 

K to By K to Laplace and in different 
it been shown that results are more accurate than those in methods based on finite 
finite element. 

The K 

The operator K is derived as a combination of H and X the domain with 
irregular nodal points near the The Taylor series was to approximate eight 
u(x-h3,y), u(x,y+hz), u(x,y-h4), u(x-h6,y+h6), and u(x+hg,y-hg) as 

a i 	 a' 
Let 	 a':::-, p::: ,I . , then;

ax' 
1) 	 U + au + 12!)a 2U + / 3!)a 3u +..... 

+ 	 13 3u +..... 

(2.3) 	 + 12!)a 2u+ 13!)a 3M +..... 

U4 ::: U (x, y h4) U h4f3u + (h4
2 / 2!)f3 hI + 13 !)f3 3u +..... 

us::: U (x + hs,y + U + hs (a + f3)u + / 2!)(a + f3) 2u + .... 

+ 	 1 + f3) 2[1 + .... 

u+ - ~)u + 12 


Us::: U (x u + hs( a - f3)u + I 2U + .... 
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The Laplace operator is the equations (2.1) - (2.4) and (2.8) and by multiplying 
the first by 4 and the second by 2, we can add the two results to get the equation: 

8 

(2.9) L GiLli == 6(a + f3 + K., where 

i=O 

8 8 8 
(2.10) a 1 = ---- 

h2 Sl 

8 

2 2 2 2 
-----, a., == ----- = ,and

+ Sg) , h2 S7 

8 


11) ov ==- where hi ::: Si h, 0 <Si ~l, i = 1,2,3,4,5,6,7,8, and h is the step length of the 


i=1 

Now we have 
8 

(2.12) Lh[u] ::: K u = L a i U j 6(a2+ f32)u + .... 
i=O 

Solvability of the difference equation K 

Consider the linear second order equation of the form 

I) +G 

In the application of the finite 

the form 

one replaces the region R by a set points Rh, where Rh <;;;;; R 

and also replaces the boundary S represents the set of all and Rh ' represents the 

irregular points. TIle application K to the Laplace or Poisson equations with conditions, leads to 
a system of linear algebraic 

(3.2) Au::: b , 

and U is a solution n x I Here n is the number 
of 
where A is a n x n matrix, b is a 

interior points in the 10) that in the (2.9) we have 

8 

== ai>O, 1,2,3,4,5,6,7,8.L 
i=1 

The uniqueness of the solution can be proved (see [9]). 

Accuracy of the difference equation in K 

Our is and we assume 
all orders up to and including the 

later. 

Lemma 1: Let Lh[u] be a discrete of the form 
8 

1) Lh[U] == L a j Lli == where a1, ••• , ag, are positive functions such that 

1=0 

that the exact solution of the has partial derivatives 
fourth which are bounded in R + S. We need the following Lemmas, which are 
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if u ~ 0 on and [u] ~ 0 on Rh , then u ~ 0 in Rh• 

Proof: 


If u > 0 for some point of Rh, then for some point Rh, we have u(x, y) !5 for all 


LetM= y). We seek to show that u(x,+ h, y + h), ..., are equal to -M. But !5 0, 

we have 
8 

(4.3) u(X, y) ~ 

i=! 
therefore 

8 8 

(4.4) O~ L a,uj L a j +M] 

i=! i=I 

Slllce a; > 0, Ui + M i == 1 The last expression can be nonpositive only if hi == -M , i 

In a similar way, we can show that u(x + u(x, y - 2h), - 2h,y), y - u(x + 2h, y + 212), 

y+ U(x 212, Y and u(x + y 2h) are equal to -M for all y) in But since u ~ 0 In 

, we have a contradiction. Hence u ~ 0 in Rh + 

Lemma 2: Let Ii and the boundary condition u g. Let u satisfy Gin if 

u has partial all orders up to the fourth order which are continuous and bounded in R + 5, then 

(4.5) h2 where M4 max { max ' max } 
R + ' dx4 R + S 

(For the see [9] ch. (10) and (15». 

Theorem: Under the hypotheses oflemma 2, for all (X,Y)E we have 

(4.6) - u(x,y) 

where r is the of the which contains R + 5. 

Proof: The first term on the side was already computed in . To the second term, we use in Rh, the 

8 

[u] = a i U, == 
i=O 

Solving for we have 
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The first in the brackets corresponds to the linear interpolation in the u(x+hj,y) and 

the second corresponds to linear interpolation in the points and The third is the 

linear interpolation in points u(x+hs,y+hs) and and fourth is the linear interpolation in the 

points and u(x+hs,y-hs)' The overall represents linear in two 

interpolated values. By the of linear 

(4.9) III + ---'--
Sj + s, 

+ 

u(x,y) + 

where u j u(x U2 == h2), U3 u(x - u4 == u(x,y + hs, y + 
+ h6), U7 == u(x - h7' Y - h7), Us u(x + y hg) and 

(4.10) 

1 
> 

since S; ~ 1, i == 1, 2, ... ,8. Thus we have 

(4.11) u - u(x, I ~ YI 

+13 14 e(x, y 

+ e(x + 

I h2 M+ nle(x y - 1+ Ys e(x + + 2 
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where y) U(x, u(x, and 

(4.12) Y;=---::- Y3==---

S4 	 S2f
)12= 	 Y4 == \ 

+ S4 	 l S2 + S4, 

'IS7 

)5= ~ Y7 = 
S5+ .)7 , 

! S8 
Y6= 	 }8=lS6 + S8 , 

We now to show that 

4 
(4.1 	 u - u(x, y) :5 - max e(x, + 

5 Rh 

To do this, consider the case that one of the say (x+hl,y) is in S and the points are not Hence 

8 

, y; I, and since S2 = S3 ••. =S8 1, in this case e(x + hi' y) :::: 0 

i=O 

(4.14) :5 =---

2 
we 	 smceYl + Yl ~5' 

53 SI 	 1 
15) ~ 'we have Yl ~ and y; ~ 

SI + S3 

8 

L 
4

Thus yl :5 , then (14) holds. 
5 

i=2 

Now consider the case where two the are on S. There are two different cases. In the 
case and are in S and the other six are not. We have 

8 
2L == 1, and y; + Y4 + Y5 + Y6 +Y7 + Yll :5-. we 
5 

i=) 

(4.16) u (x, ii(x, 

A similar holds if (x,y+hz) and (x,y-h4) are in or (X+h5,y+h5) and are in S, or (x

h6,y+h6) and (x+hg,y-hg) are in S. If (x+hl,y) and are in S we have y; ~ Y3' Y2 ~ Y4 and y; + Y2 ~ Yl + 

Y4 so that Y; + Yz ~ 1.- and 
5 

(4.17) Y3 + Y4 + Y5 + Y6 + Y7 + Ys :5 ~ max Ie (x,
5 Rh 
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Similarly in the other cases it holds if any two 
let us consider the case where only one of the is not in S. 

(4.1 

since (Q)'[ is an function and :S;1, and since is an 

increasing function SJ and SJ :s; I. Thus we have 

I 

(4.19) u u(x, <:
-5 

A discussion is used for when three or more, up to seven do not lie on S. Finally, if all 
points (x+h I ,y), ... , etc are on S we have 

u (x, -u(x, 

"".".+,.,-". (4.1 holds in all cases. 

We now let 

(4.20) v= max 
R" 

,Jl 

(4. 

(4.21) 
<: 

m 
4 

max { V, Jl } + 
h2
2 M2 

Ifv:S; 4
then Jl:S; v+ 

(4.22) v:S; 

or 

(4.23) 

On the other hand, if Jl ;:: v, then 

therefore since Jl :s; v or else Jl:S; 5 h2 we 
4 

(4.26) 
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Implementation: 

In the following, different methods have been different that have 
and the results are in tables. 

'-'U.,JAU.'.v equation \72 U ::: a in the quadrant bounded by circle x 2 + l::: 1, where the exact solution 
the boundary conditions are the equation cos(2y). 

Max. ,,"V"V"Hv error in H Max error in K 

0.125 

\72 U f in the first quadrant bounded = 1, the exact and the boundary 
are by ::: sin(rtx) 

h Max. absolute error in Max. absolute error in K 

1.039023E-01 3.2436646E-02 
3.1 2.362091 

0.125 3.728395 
0.0625 5.4587562E-04 

0.03125 7.024131 

0.01 1.511 9.752540 

3- moon with the exact solution (rtx) sin(1ty). 

Method Max. error 

Finite element method 

(PLTMG OJ""•• "'''"''''" 

Conclusion 

difference operator been derived. This operator been implemented in different 
the method based on and finite element shown to be more accurate. 

will be reduced to K. K may be used to compute the values for u,,""'~""' 
the wave guides for eccentric circles. 
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