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Reduction of a Vector Field in a Manifold 
to an Incompressible Field 

A vector field L in a manifold M is incompressible if its 
is to zero. Le. if it satisfies the equation 

divL=O. The solution of the last is well known in 
the three dimensional Euclidean space. In this work we 
determine a few for an field 
in an n-dimensional Riemannian manifold M. 
from one of tbese we show that every (n-I) 
functions of class C' on M define an field 
whose lines are determined through setting these 
functions equal to arbitrary constants. It is also shown that 
to every field K there an 
infinite fields that have the same 
lines of K, but differ from K, as well as from each 
by their integral curves. The concept of "a compressibility 

factor" of a vector field K is introduced; it is 
defined as any function 11 on M such that the field L = 
is incompressible. It is shown that the of 
determining the family of incompressible fields 
associated with the vector field K is equivalent to 
determining the family of 
factors of the field K. The quotient of two compressibility 
removing factors of field K is proven to be an of 
this and a of the cornpl-es~aollIty 
removing factors of the field K is derived. In case of a 
two-dimensional manifold, the relation between the 

removing factors of the field and the 
factors of the ordinary differential vu;ua"VI 

associated with the field is found. is illustrated 
through application to central fields. Finally, it is 
demonstrated that the set of all incompressible fields in a 
manifold M forms a sub-algebra of the Lie formed 

by the set of all Co<> vector fields in and that the sub-
of fields contains the set of 
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M.a. .1 

~\.;,:~J?J)l1 J\!il J-. Js

, (Landau and Lifshitz, 1980) ~')\j.\ ~ 


divE:::: 0, divH:::: 0, 


~ , divJ+ iJpl at:::: 0 ).,..;::...;'11 abw 0i W- .)§,..ill ~I U , ~WIJ J,-!~I ~I \.i~ 


UP' ail.:$'" L.J..:s. Jl ~; 

(Mackey, P= -ih(L + ldivL)
2 

.(Viazminsky, 1998; Viazminsky and Vary, 2000a) ";:';\'&>Li.JJ,)/I.:r ir.t l.w. o)§'..ill abWI , 1963) . 
~ A ~ L:::: V' x A yoJ d..l.,>.- div L = 0 ..blA..J.l .J..:>,."" J'j:;jl <$J..)j,)/I ~ . 

~ .)§'..ill a.bWI ...,\.&> ~ I......... J ~ .( ,.;:.;lA;;..,;.l1 ~ ......... J ~1.:l1 ~)I if 4.,S?" ,.;:.;I.A.:..!,.. .J) tl;iJ1 rJ 


')/ J )I \A\.i ~ ..! rJ 4.:/-u \Ai r-i".r.J L jA>JJ ~I 01 J! ~. n L.....to~ 

~\ .!.4).\ ~ .i.:.-4 ( chart) I+.-i (Xl, , .... ,xn 
) J' M}) M" 

2 i J
l. L.~\ rJ.J M rJ C l ~~~L Ids =g

I} 
dx dx 

.' J L ;:i( 1 2 ").::JI::Li
C?".1 Y . J"'" if· :::: '.::> X,X , .... ,X (/ (/..\ 

.)\5' b! (incompressible) .1\.i....aj)l1 ~ ..;! L FI y J~ . (Loomis and Sternberg, 1968) 

(1) divL ) 

(Matsushima, J.;..JI Ji....~"" .(Abraham and Marsden, 1968) 

;;J.>WI ...:;,....W.. b! .1\.i....aj;U j;1.i pi- L 0 ~ (1) ;;J.>WI ...,........... . 1972) 

(2) ) :::: 0 
" 

, 

~ J! 1 if j,l..u\ .!.1l'; Js- \.....:.. \.. J..:o.. J 0':i;, j,l..u\ ).f..J ~J ,x' 1jU;...:.1 1• V'"I l..u\.. . 


~'-! (2) .1\.i....aj;U jAJ-I;;J.)W 

A:i = 0 where Ai ::::!if . 
(2);;J.>W\ 

(3) , ~ =0 (j:t: r) 

.J J='- y 01i (A J.;i);J ;;J~I.J ;;J~w 0i It.) . {l, ... ,n} if 

,.1\.i....aj;U yo .b\.i....aj;U ~Ij pi-.:r.,l.h- y ( commutator) J,)\.,.- ;)i 5 ..L:.,ll J '-.Sf-' .u, yo (3) J).:ll 



191 

~i Cii (2) '.bWI ~~,dS2 =g(x)dx 2 Ci~ ~ X JI.b-~ M, U~)j b!.,;1 J! ~ .b-1}I.v..,JI u\...-.J 


J! 4.,.i ~?I l \.;.,.)! J-t.),~ "'~I M, <.fJ) .~ ~L c ~ , L =cg-" 2d / dx ~ .1l.O...a,j)lj Jlj p---J:- J---.iJ-~ 

x 

,L =cd / d)( .)~I .-'!.u,.1 uL;'.b-)lI.J L ~I,i,:.~. X = f~g(x)dx J,,-:JI.I.r""p. ds 2 =d)(2 -.>jWI ~I 

.)I..I . .LI)i 9t ~I~4.).J.rr-~ M, ..:...ilS' b! . (infinitesimal motion) M, ~r-.LI,;...:JI.J ~b':l..s-.r-~) 

O)WI C:"".i \.ll..u.r) )OU /) 4.)1) Or"- J>.-I J' . M, ~r-.LI ' t E m~ , U I (x) = X + t )OU 0/ j ..uy- L Ci\; S' 

. (Eisenhart, 1964; Matsushima, 1972) J! 

~\.A.;)I .,bW\ Cii \..i.J, (}l5:,)' A,'I + A,; = 0 .:>lS' I)! .1l.O...a,j)lj Jlj pi- L ~I Ci ~ , M 2 ~r- .J 

.. I. \, B A2 B A' \ e 2 .- -II B I - .,~ " A 2dx l A l dx 2 0I'0}.j ~ <",-!). ,,= - , ,2 = Ci, ~ ~ J' C:!" ~.J>') •.J)-'! ..u t,s'1>.;) , vI:; - = 
.1l.O...a,j'" I.lj . I~.L '-i...,.., i.,I' M 2.J- ,;vV' Yu-- . ~ 

(4) L =g-'/2(B IJ / Ox' - B IJ / Ox 2 
)

'2 " 

Ai = .Jg ~i ,i,:.i), M ~ en ~I J' B ~ c:!\.:; <~, ~ ~i CilS' \...c-) H3}>'~ (2) ~.:ft. Mn ~r- J>.-i J' 

~~ 

(5) 
n 

L:..u Ci~) . L c;= 0 ;U)lJI.y.j- Y$ ~\; c; ~) 
;=, 

(6) 


§..:J~ ~lrJI .J\,.:>-I u"'l,,;-~ H .... )"w pi-;ulS' L uL,5' / ..:...ilS' b! . .1l.O...a,j)lj ylj pi- (5) --; J.,..J.I ~I 0}.j JL:.....J~) 

•• _ i-I . ' . <' " _ ..' ( 1)i-l(n - 1)
J".cll .:/ ~ LA....:> ~)JI •..u ~ . C; =(-1) ..L>:-I ~ l,>.-)j l'~1 ~ ellS' b!) ,( 1 ~ c:- ':I) Ci = - i _ 1 

B C:!\;..l>.-y- 0i <$.J)r'=-ll.:/ ~ .}:v--- .1l.O...a,j')\j Jlj pi-~ L = ~i IJ / Ox i 
CilS' b!) 4 L •.Jl.,.o;) ,M .J .1l.O...a,j')\j ~WI p---J:

.(5) ~~ L,f 4.,.i~' ~:}I ;J\J-I 4)81 opl.1 ~ . (5) c#

, i E [1, n] , c ~I;..l>.- j Cit ~ (5) U,)~~ L =~/IJ / Oxi 
.1l.O...a,j')\j Jlj pi- ? ub. ..jJ JlS' i j':l .1r"- . 1 4.o.A.fr" i 

4)L:J' .,;...lj)lJI ~ Cii) , LCj = 0 Ci! ~ 

(7) 


C:!I:; J..JA ..,LO>JI ~ ,/-"') , r"-L,.-o /i .1 rJI i)) ~ Ciu>p-ll Ci! : CiU>.r. 

B =.!. fA ',dx'dx 2 
....dx n 

c, ' 

.(5) o).,.J~ .}:v--- L Cii ...u; (7) ~J\...cJ 'i)"w pi- c, Cii J>.;-o; ~ 

http:4.o.A.fr
http:4.).J.rr
http:p---J:-J---.iJ
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l...,\:; (n 

.1:0 \A..,jQ,j')ll ..H \All .i&

1) i>iif (2) • .blA..JJ 

a".1,&. ..:J1)l:&-.3 

~i 0! a)l:&

(8) I) 
,J 

+hr 

J! J~ C l ~lifC:'L..; ~ 

(8)~, ~Iif BJ ~ 

(9) ,r (j:f.: r), fi~'::::: -LB,~ 
i"" 

. M,Js

,r C:'I~I if 

:(Lawden, 1975) 0i ($i . o.:,bi 

,(12 ........ n) 

. (12 .......n) 

J i l , .... , E [0, 

, e 12 """J1 

(10) 

0!.2 

divL= 

. .k \.i.;:oj ')ll J li pi:

(l)~ 

(il ,i2 , .. ,.,i _ ,j,k) jt..L:.:l1n 2 

.~i\J"""" J in ..:.r.:1:lJJ\ r-J if" ~y)1 

: i.:.hn) l:&

(11) .. , ...... ,n -1) 

l..;\:;(n-l) 
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=[ 

+[ <PO 

(12) 

• J,.\.it....a.j"jj M" <J 
.( 2) 6.l.>WI L 01 ut.,.;\.1 0lApll 

[ ei 
, ...... .i n $, 1 $2 " ..... ·.... ·$n _I I' ] " 

, I • 2 • n I 'n 


i I ...... .i. [At. At. At. 

=e 'l'1.i;i.'I'2.1,· .. ··'I'0 I,in 1+·...... ·+ 

+$1 i $2 i ··· .... $0-1 i i ]
'1' • n -I n 

1°$2 i ........ $n-I } + ...... 

• 2 > 0-1 

i 2 ... .1 n-1 

i I ·· .....i n At. At. 

l.in_ti n e '1'1 i ...... ·'1'0-2 i
• I • 


11'1_ i in j I 


if . \ ).AA,.o <../"1}\l1 if 

:y.:..w~~)' 
(tPl;; -tPll I )(tP2i tP3i .. ·.. · .... tP"-li )=0) I It • 11 I , 2 , J • n-l 

o..u. .Ji LeJ .~.».)\5' I;') E 1 == - 1 )' 0L..S'1;'\ EI =1 ~ 

<../"~I ..!Jj.\J , (l ..n) (il i,)(i2.. · .... in-l) 

~~ (12) ;;).,...JI 

(13) tP,,-1.2 
() 

2 n 

. () 
• ~I :is)1 ...J ~\}I . () 

, 

.)\-i ~li ;J".,;/' U;UI 


rank({)tPk) 
I 

....~I,;.r- (n-l)x(n-l) 4,Sj>." 

(14) 
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(15) 

.b......., .. 
. Y~ 

k 
...... In_l ''' '" "' 

'1'1 i ...... '1'0-1 i '1'1 k 
• l 'n-1' 

¢n-I,2 

¢1.2 

'¢I.kdxk::::00i ~ \' J..w ~IJ 

.u........u . (13) <..':.J':I~WI ;;J...J,., k E [1, n - 1] ~ , ¢ k == 

\,$ JW 

r (4) ~J.,.>J ....1..-. 

M) J .2 

M J ~L:JI ....Wl3 • 1959) Jl J VxB 

J Bz J BI ~ 

J>.lif. ;..l.,.~ 

rl 

¢, ¢.2 ¢.3 

,jl 12L :::: g -112 e ¢ '" . :::: 
.1 .J "'.] "',2 "'.3 


a/axl a/ a/ 

, 
, L == V ¢ x V '" Jl • ..l.,.L..:,. u.-:- Jl It.l#l U;JI YOJ 

.3.b lA...4i)lJ J-li pi (12 ) 

J.a:.- j, I.i..l:Li I ..kY' .4 

J.>..J'• ..;i· . ,M ',cl J..aJ1· \""I....:.;u.,..
J::-:-' n "'" J . '0/ 

.1 
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(16) KJi=-JidivK. 

(Abraham and Marsden, 1 978) :;.bl...,...;u.:...........;I~ 

<./' L4 ~I •..ls-WI .hW 0!. div 

dxn dJi 
(17) 7=·..······=-;;;- JidivL 

<./' L(Ji,K) 0i <.,>i , L(Ji,K) Y)4 Ji .k\.i...,Q.j1 ",~Ky ,k\.i...,Q.j')lj ;;J;WI 

. L" (K) f)4 ~ f}l.S,K 

K 

.(17) i!.L..J,.1..) JJ\l1 n.-JI ~ lAG J#I ~.iJ. .:J i ~)\.. if' 

)i K C""fl jAJ-11..u. 0\5' , ~\ C7l:J' Y ~ l.o C7\,; A, ~ AX ~I if' Y ?i if' ....,UI : ~)\.. 

. .....,.. fl 'j 

(18) kE[I, n -I] 

if' K --I ~)\ • ..ls-W\ iJ...."JJ J-\S:; I"""i 0~ , J)\I\ n .-JI if' A.L,.,.l> ~\,; ~ (1 

.oK y , tP k ..) ) 

(19) f(tPI,··· .. ··· )=0 

.Kj.C-JJ \,;\5'J ,K jAJ-1.k\.i...,Q.j'j Ji2 J Jil .:,,\5' I:'l .6 4..oAI~ 

'Ji2KJil KJi2"":( 16).k\.i...,Q.j'j1 ;J,:;l...,.if': 

K(JiIIJi2 (Ji2 KJiI-Ji, KJi2 

c ~, JillJi2 = C .:J( I..u. if' . K 

(20) 

. tP k ..) C 1 ~I if' 

....,Uluy1l~ MIJi ,K ,k\.i...,Q.jIJvM 
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. "'! ~ (16) ..}.}l .,bLv d ;.::...,.:.; 0i ~) ,K J.il-l J.,\A...;:,.;1 (20) -< ~l M 0i 

(pf)divK +K(fp)==pfdivK + f f 
==f(pdiv +Kp)+O ( ==00'.1). 

, 
.(16) '.bLv JII~l:;;.....1 

(7) 

L(p,K) 

1) 

(J' ...:,..')16- (16) •.bWI.:./' J.,\A...;:,.;')Ii ;ojlj! j.-1Y'i :i.A.Lo.:J.I ~~I 0J :4k-')l. 

.J ~P"" ":-'.J~J ,(Viazrninsky, 1999a, 1999b) <J ..:-.J~ ~I ....\.j 

.(Viazrninsky,2000b) 

(20) 	AJ')WI; § 0~ K J.il-I;:i.A.Lo.:J.1 4.u:.WI ~ ¢ k ~~ (n -1) 

. ~..J.J 

, 
u-.,1-- ;oj)'~ J:, L;...,;:,.;')U J, \j ")i..i,.. .;.yu (12) '%x' 

.i ,_I r d. 	 d. / r(22) 	 /r; r 
'1"1 i ··· .. · .. ····'1""-1 i r;, I 	 , 1'-1 

(23) 	 rank(o¢" / ox) k,jE[1,n 1] 

: (cl, ........ 'C"_I'X") ;;j),..l.; (Xl, ............. , 

(24) 	 x" ) (k=I, ...... ,n -1). 

.J (24) 

e 

(17) ~ n ......!I j.-\5:.;JI ...v:, (24) (J' , •.• , 
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( In) -F(;" ....... ';n_ " x· )
(26) 	 J..L x ,,, .,, .... ,X =C n e 

<./' K ?I .1\A..Aj1 ...:.-'>'-i) ~WI • }.,JI Jl:J4 0 ~)' K jA>Jl .1\A..Aj1 J;.-~ <.:.-i}1 ~ ~. 

(27) 	 J..L= f(¢, ''' ' '' '' ''¢n-I )e -
F 

. 

~I ~lj isro .) ~I Jail"J '»1A.Ai"i1 .:;.J~y .( 

? 0~ (X,y) ...:.-t;I...I>-~ M2 ~y..J 

(28) 	 L = ~0 1 a.: + 1JO 1cy 

(29) 	 .jgT] dx - .jg;dy = 0 

',hLWl ~ J-ls- 0\5' 1~1 J:..A;) 1)1 (28) ?I .1\A..Aj'Y ~.i" 0~ J..L ~\j 0i 2 J.:.,ll ~ ~I i.,jG ~y.s..~I • .;..JI if ~ 

..bLWl ~ J-ls- J..L.[i 0\5' 1)1 .hA,;) 1)1 Iji ,(29) 

(30) 	 1Jdx - ~dy = O. 

...:.-t;I...I>-)'I) ~..l.,lil M2 4J 0~.}1 oj~I~) ,(29) oj.)WI ~ J-Iy oj.)t.... C::' M2 ~ (17) .1\A..Aj'Y1 J;.- oj.)t.... ~ 

~WI ...:.-'Y.)WI c:<'ly) ~I J-Iy Jo.-i if ,(30) ..bWI ~ J-Iy oj.)t.... C::' ~ .1\A..Aj'Y1 Jv oj.)t.... 0Li i.,j;l5:-!.) (x,y) 

.(Ayres, 1952; Viazminsky, 1995) Jl t:"'; ..:...-,JII..\... .J u.....:....J.I ($.J""~I 

~.1)1 Jpl: ~ ,7 
2?.:f J.".a; . r=(x l =x,x =y,x 3=z) i.,j}5:.;.l.i1 ...:.-t;I...I>-)'4 \.)).i" E3 .)')I.!ll 1j~'Y1 t.1.r-<JI Mn ~r-ll.:f.;-J 

§...:JI Jl o.)).:f,.i 1)1 4ft'.r'):.L:..;.. -.;1 ~ J.r--Ai)' i..l.,-ll.f:---S' ...:.-1_)- • "-...1.,k>-.:....;L..S' 1~11j:r-S.r''''''''';1 K=1Ji olox' 

4ft'.r' ):.81?1 p-:...J , Ijft'.r' jA>- ~ 4ft'.r'):.L:..;.. jA>- J5' 0i c:"1}1 if) , r=lrl ~, K=1J(r)olor 

K =xolox+y 01 oy+zoloz. (el) 

KJ..L +3J..L =0, 	 (e2) 

-I d -I d - I d -I d 13x x=y y=z z=-J..L J..i (e3) 

. K 	 ' -3 -3 -3 ~, ~ . ( - . I , . ". (e3)
01 0~1 ~ , .J:>li...........4,'Y ...:.-'>'-ir---- J..L 3 =Z , J..L 2 = Y ,J..L 1 =X ,j-".JI--.> '" .~~ ~JV .:r--

K jA>Jl</lA.,;:.~J5'Jl:J4~)' K ?4~lo..ls-Wlu...:.....u0)l.l50 J..LI/J..L3=Z3/X3,J..LI/J..L2=y 3/x3 

o}.,.J4 

f(y/x ,z/x)=O (e4) 

http:i.,j}5:.;.l.i1
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(20) ~J' f~ 

~3 f(y/x,z/x) (e5) 

. 115 c',~f 
, iJ..,lly,..:.A....."ii.:........ y...w,\ ...::.>)\.:.!:\ ",i 4) I1;K (i=1, .... ,5) 

J;- ~~I..L->- .:.;i K 

~ =r-2 alar 

JJ'i l ~}I ':';1 .(12) ,(e4)rw, 

L 
,.j, -2 

1f/3-'f'31f/2=X
o 0 0 

(22) ~J. ,fjJ=y/x ~ 

Xl '1 i l 

0.~'X , dx K 

) -7 ,tER} 

Jl ' 115 

r = r 0 / (1 rot), rp = rp 0 , () = () 0 ( e6) 

. r ~ 0 J~ t -7 - 00 , t < 1 I J~ r ;::: 0 ",i 

t = 00 L.~ 

.I:>~')IJ ~\.il\ J"uJJ 

(Bishop and 1968) J fr'" r C if) ~I :.r" ~L....!JI 

bracket or commutator) J Ji JM1J ~i 

.:.;~ L = f a I de', = r( a I E r ",IS" I~l : ~ w...::.>l.";I..\,:>oo)l1 

L + = (~i + rl)a I de; , = ctaI dei (c E 9t ) 

L, J= - L, L = ,,~ a I "J {~a I de' 

== (~j"i "J t.)a I de'oj ,J 
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. r Js- JJL,.- [ , ] 0i) ~ </~I tl...,J1 .,;...\s.~r 0i ~I}I if) 

0~ L, LI E L 0\5' l~lJ JoAl4) . r if J? y>. L 0i Y'fr-- ..klA..A.i')l.l ~L<.II pi- J #1 ~yJ. LcA.:..f:J

°div(L + LI) =divL + divLI = 0, div(cL) = cdivL = 

(Abraham and Marsden, 1978) 01 ( . r </~I tl...,J1 if J? </lA.,;. tl) L 0~ J84) 

div[L,L1]= LdivLl - L1divL 

. r J y>. if J? y>. L 0li..,L:. .~) . div[L,L1]=°0~ J8 4. 

(Wan r ~I y~? J p>....J,;; L.4~ '-,ll> pi- 2 0i J'~ . M <J (Killing fields) F J~ ~yJ. 2 c r J-; 

0i ~ (Eisenhart, 1964; Viazminsky, 1994) iJ,M.. F JA>- J5' J';; 0i LcJ .and Viazminsky, 1979: 

.j~I J y>. y ~? J y>. ....J,;; M <J Coo L.44 ~ .}I) .klA..A.i')l.l ~L<.II pi- ~I....!JI J#I ~yJ. .)i L>.I 1.iS:...) .2 c L 

.M <J COO -...A-.all if F J~ if ....Jjll J y>. r.$~ ~lliA 01) , M <J Coo ~t......:J1 J#I ~,J 
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