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ABSTRACT. The influence of the electron-phonon interaction on the De 
Haas-van Alphen effect amplitudes is calculated using a theory of 
Engelsberg and Simpson (1970). Calculations are presented on Hg using 
self-energies calculated from the Ii'(v) F(v) spectrum found from 
superconducting tunnelling data . The largest changes are found for the 
first harmonic : 30% in amplitude for the ~I OO orbit at 15 tesla. The 10th 
harmonic shows large deviation also 2%. 

The influence of the electron-phonon interaction on the de Haas-van Alphen 
(dHvA) effect has an interesting history. Theoretically, it was first demonstrated 
by Wilkins and Woo (1965) , at temperature T such that KT« VD (Debye 
energy), that the electron-phonon interaction should increase the value of the 
electron mass over its band structure value . The many-body c1aculation of the 
electron-phonon interaction in the presence of a magnetic field was contained also 
in a paper of Fowler and Prange (1965). The more rigorous treatment of the same 
problem by Englesberg and Simpson (1970, to be referred to as ES) provides a 
convenient means of evaluating the effect of the electron-phonon interaction upon 
the dHvA effect. The results of ES indicate, under laboratory conditions, 
departures from the semiclassical theory of Lifshitz and Kosevich (1956 to be 
referred to as LK) . 

Palin (1972) measured electron life times as determined via the Dingle 
temperature (Dingle 1952). Suprisingly , even for mercury with its low Debye 
temperature (about 63K) and strong electron-phonon interaction , measurements 
by Palin failed to show such an effect. 
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Accurate measurement of dHvA effect amplitude in mercury up to 5 tesla was 
studied by Elliott (1978) who reported departures from quasiparticle behaviour of 
LK theory. The departures arise from the influence of the electron-phonon 
interaction . 

A recent publication (Khalid et aJ. 1988) presents the results of an 
experimental investigation of the influence of the electron-phonon intraction on 
the dHvA effect on 13100 in mercury up to 10 tesla . The many-body theory of the 
dHvA effect of ES is found to be in good agreement with experiment. 

In this paper we present theoretical work on the same orbit to the tenth 
harmonic, in fields up to 15 tesla, to see the influence of the electron-phonon 
interaction on harmonics. 

Theoretical Background 

In this section, I briefly outline the electron-phonon and other interactions in 
the dHvA effect, and indicate the important parameters involved which lead to 
departures from LK theory. 

Because the dHvA effect is a purely thermodynamic property (the magnetisa
tion) of a metal, a natural starting point is the expression for the thermodynamic 
potential 

Q 13 ••• • ••••• • • • • • • •• • •• ••••••••••••••••••••• ( ) ~ ".y Ln (1 + exp [13 (IA- - E j )]) 1 

where 13 = lIKT,. IA- is the chemical potential and E j are the single-particle energy 
levels of the system. This expression was used by Lifshitz and Kosevich (1956) for 
their calculation in which there were no interactions . Expression (1) is also 
equivalent to that used by Fowler and Prange (1965) . However, Engelsberg and 
Simpson (1970) showed that the effect of electron-phonon interactions could be 
incorporated in the oscillatory part of the thermodynamic potential by replacing, 
at a certain state, the non-interacting single-particle electron energies by the 
Non-interaction energy plus the full electron-phonon self energy }:, 

L (E; , K) = 6(Ej, K) - ir (Ej, K) .................................................... (2) 
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Normally E is taken to be averaged over the portion of Fermi surface (Grimvall 
1967). For more information the reader is referred to Engelsberg and Simpson 
(1970) or to the discussion by Elliott (1978). The final result for the oscillatory 
magnetisation is 

-ek 
3rli 

sin[23tr (~ - 1() ± ~ ] ..... ... .......... .. .. ..... ............. .... .. .... (3) 


where m is the cyclotron effective mass, F is the dHvA frequency, B is the 
magnetic field, AU is the Fermi surface curvature and 1( = 112 for free electron. 
Each quantity is to be evaluated at the extremal cross section (A1"t) of the Fermi 
surface perpendicular to the field direction. 

According to ES , the entire effect of the electron-phonon interaction is 
contained in a term , a" for the amplitude of the rth harmonic of the dHvA effect is 
that 

a.. ~o exp [( -;.~r) {wn + ~(Wn)}] ...... . . .. .. . ... . . ............. .. . . . ........ (4) 


where We = eB/m. 

In equation (4) ~(wn) is related to the fulJ self energy evaluated at the poles, iwn, 
of the Fermi function, where 

wn (2n + 1) 3tKT. 

Thus 
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In this formula F(v) is the phonon density of states as a function of phonon energy 
v, and c? (v) is the effective electron - phonon coupling strength. 

Returning to equation (4) if there is no electron-phonon interaction, ~(wn) = 0, 
and 

-2Jtr ) ] [ . ( 2Jt2rKT )]-1~ 	exp [(ttW:- Wn 2 SInh hw'; ........................ (6) 

n~O 

so 	that equation (4) exactly produces the LK formula. 

The general behaviour of equation (4) in various limits of magnetic field and 
temperature has been discussed by Engelsberg and Simpson (1970), Engelsberg 
(1978) and Mueller and Myron (1986). Then we may summarize the results as 

1. 	 At both high temperature and low magnetic field limit, Wn ~ 0, only the 
first pole, wo, contributes effectively to the summation. From equation (4), 

~(wo, T) = AepJtKT .................................................................. (7) 


where Aep, the electron-phonon renormalization constant, is given by 

m*e c?(v) F(v)
1 	= [ dv ..................................... (8)


v 

so that in this limit equation (4) reduces to the LK formula with me 
renormalized to m';. 

2. 	 In the low temperature, high magnetic field limit, an increasing number of 
terms is effective in the summation of equation (4). If in equa

2JtlKT
tion (2), ~ 1 at the highest values of I (I = n) which contribute 

v 

effectively to the summation of equation (4), then departures from 
quasiparticle behaviour and hence from LK theory will ensue. 
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In order to calculate the precise deviation from LK behaviour, one needs to 
perform the sum in equation (4) numerically, for both limits, using values of ~(wn) 
evaluated from equation (5). Thus it is convenient to write the deviation in terms 
of the logarithmic factor 

Ar In {ar . 2 sinh (~~~T)} . . . .... .. .. ...................................... (9) 


so that the true dHvA amplitude will be given by the multiple of LK amplitude in 
equation (6) by eAr. 

Results and Discussion 

As mentioned earlier, at low temperature and high magnetic field that the 
evaluation of equation (5) leads to significant departures from LK. Inspection 
shows that this is favoured by low phonon frequencies and low effective masses. 
13100 orbit in mercury has been chosen for such study for its low lying phonon 
frequency and low effective mass (see Poulsen et al. 1971). 

The influence of the electron-phonon interaction has been numerically 
calculated using the o?(v) F(v) spectrum depicted in Fig. (1), taken from the work 
of Hubin and Ginsberg (1969). 

Fig. (2) shows the variation of logarithmic amplitude, with harmonic, for both 
LK and ES at 1.2K, for three different field values. It is clear that the influence of 
electron-phonon interaction on dHvA amplitude depends on magnetic field Band 
decreases with increasing harmonic. 

It is worth mentioning that the departures from LK behaviour depend on B 
rather than T (see Khalid 1987). 

It is clear from the foregoing that all the effects of phonon are contained in ar. 
Fig. (3) shows the variation of Ar with harmonic for the same orbit at different 
field values. The information in Fig. (1) was used in the calculation of ~(wo) using 
equation (5). 

In Fig. (3), the first harmonic shows 30% deviations from LK formula at 15 
tesla. Approximately 2% deviation occurs for 10th harmonic. 
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Fig. l. The ~(v) F(v) spectrum for mercury, after Hubin and Ginsberg (1969) . 
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Conclusion 

In this paper, we have seen that significant departures in amplitude occur 
from the semiclassical theory of Lifshitz and Kosevich (1956). These departures 
are attributed to the influence of the electron-phonon interaction. We have 
demonstrated from dHvA amplitudes Fig. (2), that the departures from LK theory 
increase with increasing magnetic field . 

It is clear from the variation of Ar with harmonic Fig. (3) that the influence of 
the electron-phonon interaction can be detected even for 10th harmonic. The 
deviations found for the first harmonic are 30% in amplitude at 15 tesla while for 
the 10th harmonic they are 2%. 
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