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ABSTRACT. A definition of saturated uniformly locally A-convex algebras 
has been given by Cochran (1973) . Rece ntly Oudadess (1986) showed that 
these algebras don ' t exist and gave another definition . In this paper we 
extend the notion of saturatedness to the class of p-Normed Algebras and 
give characterisations of some subclasses. Also some theorems of 
Gelfand-Naimark type are obtained . 

Introduction 

Oudadess (1986) studied the saturated Banach algebras. He showed in 
particular that they aren't any thing else than the uniform ones . In section I we 
characterize the saturated normed Q-algebras. We show that they are isometrically 
isomorphic to sub-algebras of an algebra C(K) of continuous functions on a 
compact K. We also show that the only hermitian saturated normed Q-algebras are 
the commutative stellar ones. In particular the only hermitian saturated Banach 
algebras are the commutative ([* -algebras, Zelazko (1965). 

In section II we use Le Page (1967) and Cochran (1973) to Prover some 
theorems of Gelfand-Na'imark type namely , we prove that the commutative 
([~-algebras (see definition 6) are in fact ([* -algebras. We also prove that the 
saturated p-Banach algebras are Banach ones , and more generally the saturated 
p-normed Q-algebras are normed. 

Preliminaries 

Let E be an algebra over the field IK (= IR or ([) and let p be a real number 
such that 0 < p ~ 1. 
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Definition 1: 

A p-norm In E is a mapping 11·11 from E to ffi.+ satisfying: 

(i) Ilxll = 0 if, and only if , x = 0 

(ii) IIA xii = IAIP Ilxll , for every XEE and AE II< 

(iii) Ilx+yll ~ Ilxll + Ily ll, for every x,y in E. 

Definition 2: 

E is called a p-normed algebra if it is endowed with a p-norm 11·11 such that: 
Ilxyll ~ Ilxll . Ilyll for every x,y in E. 

It is said to be a p-Banach algebra if it is complete. 

Definition 3: 

A unital p-normed algebra is called a Q-algebra if the set of its invertible 
elements is open. 

Definition 4: 

A character in E is a multiplicative linear functional. If E is endowed with an 
involution *, it is said to be hermetian if every character X verifies: X(x*) = X(x) 
for every x in E where X(x) is the conjugate complexe of X(x) . 

l. Saturated p-Normed Algebras 

Definition 5: 

Let E be a unital p-normed (resp. p-Banach) algebra . We say that E is 
saturated if there exists an algebra p-norm (resp . complete p-norm) 11·11 defining 
the topology of E and satisfying: 

(1) Ilell = 1, where e is the unit of E. 

(2) For every x in E such that Ilxll = 1, there exists two characters non 
identically zero Xo ,X of E such that : 

IXo(x)1 = sup {IX(Y) I, Ilyl l ~ 1} 
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The following proposition characterizes the saturated normed Q-algebras . 

Proposition 1 

Let (E , 11·11) be a unital normed Q-algebra. Then E is saturated if, and only if, 
Ilxll = p(x) for every x in E; where p(x) is the spectral radius of x i.e. p(x) = sup 
{IAI : AESpx}. 

Proof 

Suppose that (E, II-II) is saturated. Let x be a non zero element of E. We then 
have II Ilxll- 1 -xii = 1, so there exists two characters, non identically zero, Xo, X 
such that: 

lXo (1Ixll-l·x) I = sup {IX(y)l, Ilyll ~ I} 

Since Ilell = 1 and X(e) = 1, we have IXo (1Ixll- ' 'x)1 ~ 1. Therefore IXo(x)1 ~ Ilxll. 
Thus p(x) ~ Ilxll. On the other hand , E is inverse closed in its completion E 
because it is a Q-algebra. Therefore: p(x) = PfO(X) ~ Ilx ll for every x in E. 

Conversely, if Ilxll = 1 then p(x) = 1. Since E is a Q-algebra, p(x) = sup 
{IX(x)l, XEK} = 1, where K is the compact space of non identically zero 
characters. So there exists XoEK such that : IXo(x)1 = 1. 

Since IX(Y)I ~ iiyll, for every XEK and YEE, we have: 

IXo(x)1 = sup {IX(y)l, Ilyll ~ I}. 

Thus (E, II-II) is saturated . 

We obtain, as a corollary, the following result of Oudadess (1986) . 

Corollary 1: 

The saturated Banach algebras are the uniform ones. 

We now examine the involutive case . 

Proposition 2 

Let (E, 11·11) be a hermitian normed Q-algebra: Then: (E, 11·11) is saturated if, 
and only if, (E, II-II) is a commutative stellar normed algebra. 
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Proof 

Suppose that (E, 11·11) is saturated. By proposition 1 we have Ilxll = p(x) = sup 
{IX(x)I, XEK} for every x in E. But E is hermetian then: 

Ilxx*11 = sup {IX(xx*)I, XEK} = sup {IX(x)X(x)l , XEK} = IIxl1 2 

Thus (E, 11·11) is stellar. The commutativity follows from a result of Le Page (1967) 
since Ilxll = p(x) , for every x in E. 

Conversely, if (E, 11 ·1 1) is a commutative stellar normed algebra, we can show 
that it is saturated using the fact that it is dense in a commutative ([*-algebra. 

R emark: 

As an example of a hermitian normed Q-algebra which is not a Banach one, 
there is the complex algebra (K(IR))* the unitization of K(IR) the algebra of 
continuous functions over IR with compact support endowed with the supremum 
norm. 

Corollary 2: 

Let (E , 11 · 11) be a hermitian Banach algebra . Then E is saturated if, and only if, 
E is a commutative ([* -algebra. 

II. Theorems of Gelfand - Na'imark Type 

a) Case of normed algebras: 

Proposition 3 

Let 	(E, 11·11) be a saturated normed Q-algebra. Then: 

(1) 	E is isometrically isomorphic to a sub-algebra of C(K); K being the 
compact space o f non identically zero characters. 

(2) 	The Gelfand transform can 't be onto unless E is complete. 

Proof 

Consider the Gelfand transform : 
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(1) g : (E, 11·11) ~ (C(K) , 11·11 ",) 

x ~ g(x): X ~ X(x) 

By proposition 1, we have: 

Ilxll = p(x) = sup {IX(x)l, XEK}) = Ilg(x)II"" for every x in E. 

Thus g is an isometric isomorphism from (E, 11·11) onto (g(E), 11·ll x). 

(2) If geE) = C(K), then by (1) E and C(k) are isometrically isomorphic; and 
so 11·11 is complete. 

b) Case of Saturated p-Banach and p-normed algebras: 

We now examine the structure of the saturated p-Banach algebras. We get : 

Proposition 4 

Every commutative saturated p-Banach algebra (E, 11·11) is a Banach one. 

Proof 

Let x be a non zero element of E . We have 1IIIxll-l/P.xll = 1, so there are two 
characters non identically zero Xo and X such that : 

IXo(llxll - 1/P.x)1 = sup {IX(y)l , Il yll ~ I} ~ 1 

Therefore IXo(x)1 ~ IlxiII/P . Thus sup {IX(x)iP, XEK} ~ Ilxll for every x in E . On 
the other hand, Zelazko (1965) has shown that: sup {IX(x)iP, XEK} ~ Ilxll. Hence: 

Ilxll = sup {IX(x)iP , XEK} = (sup {IX(x) , XEK})P Thus 11·11 is equivalent to 
the norm defined by : 

Ilxll " = sup {IX(x)1, XEK} 

More generally, we have the following proposition. 

Proposition 5 

Let (E, 11·11) be a commutative saturated p-normed Q-algebra. Then E is 
normed. 
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Proof 

We 	shall show that: Ilxll = sup {IX(x)iP, XEK} for every x in E. 

Since (E, 11·11) is saturated, we can show as above, that sup {IX(x)iP, XEK} ~ 
Ilxll for every x in E. 

Conversely, if X is an element of K, then IX(x)IP ~ Ilxll for if Ilxll < IX(x)iP, 
II(X(x))-txll < l. But (e-(X(x))-lx) will be invertible, since E is a Q-algebra. 
Therefore (X(x)e-x) is invertible . This is impossible because X(x) ESpX. Thus: sup 

{IX(x)l, XEK} = Ilx11 1/ p 
, and so 11·11 is equivalent to the algebra norm 11·11", given by: 

lixll", = sup {IX(x)l, XEK}. 

C. 	 The tr;-algebras. 

By analogy with the ([* -algebras, one can define the ([~-aJgebras as follows: 

Definition 6: 

An 	involutive p-Banach algebra (E, 11 ·11) is called a ([~-algebra if: 

Ilxx*11 = IIxl1 2 for every x in E. 

Examples 

1) Every ([* -algebra is a ([~-algebra. 

2) If (E , 11·11) is a ([* -algebra and p is a real n umber such that 0 < p ~ 1, then 
(E, II·IIP) is a ([~-algebra. 

We show that in the commutative case every ([~-algebra is In fact a 
([* -algebra. 

We shall need some results of Zelazko (1965) which we give in the following 
proposition. 

Proposition 6 

Let 	(E, 11·1f) be a commutative unital p-Banach algebra. Then: 

(1) The mapping defined by = II xii ~~ Ilx"II J/n is an algebra p-semi­

norm such that Ilxll s ~ Ilxll for every x in E 
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(2) Ilxll s = sup {IX(x)l, XEK}, xEE. 

We now obtain 

Theorem 

Let (E, 11·11) be a unital commutative <I:";,-algebra. Then 11·11 is equivalent to a 
<I:*-algebra norm. 

Proof 

We shall show that IIxll s = IIxil for every x. 

Let h be a hermitian element in E(h* = h) . We have IIh2 11 = IIh 'h*II = IIhll 2 
. 

So for every positive integer n, we have: IIhil = IIh2"II 2
- " . Therefore IIhll s = Ilhil. 

For an arbitrary element x,xx* is a hermetian one so: 

IIxll 2 = Ilxx*1 1 = Ilxx*l ls ~ Ilx ll Ilx*II s ~ Ilxll s Ilx*11 

Whence IIxll 2 ~ Ilxli s . IIxll, since II xll IIx*II. Thus IIxil ~ IIxll s . The other 
inequality is always satisfied. 

Consider the mapping 1·1 defined by: Ixl = II xll!/P. Then (2) of proposition 6 
ensures that it is an algebra semi-norm. Since Ilxll = IIxll s, xEE, we have: 

Ixl = II xII l i p for every x in E. Hence 1·1 is a complete algebra norm equivalent to 11· 11. 

Moreover , Ixx*1 = IIxx*W/P = (1IxW)I /P = Ix1 2 
. Thus 1·1 is a <I:*-algebra norm. This 

completes the proof. 

Remarks: 

1) There is no commutative unital <I:";,-algebra which is not a <I:*-algebra. 

2) By adjoining a unit, we can see that the last remark is also true in the non 
unital case. 
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