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ABSTRACT. The aim of this paper is to give a sys tematic study of fuzzy 
suba lgebras of a universal algebra. We introduce the notions of fuzzy 
subalgebra generated by a fuzzy set. and fuzzy congruences on an a lgebra. 
We also introduce a fuzzy congruence class and fuzzy quotient algebra and 
prove that fuzzy quotient algebras are isomorphic to a certain ordinary 
quotient algebra in a natural way . 

1. Introduction 

In recent years much attention have been given to generalizing the classical 
notions of groups, rings, vector spaces algebras over a field, and lattices in the 
context of fuzzy sets (Das 1981, Dixit et al. 1990, Lubczonok 1990, Muganda 1991, 
Murali 1991a, 1991b, and Nanda 1986) Gerla and Tortora (1985) introduced the 
notion of fuzzy subalgebra of a universal algebra. In this paper we continue 
investigating the notion of fuzzy subalgebra of a universal algebra providing 
several results. We prove that the homomorphic image and pre-image of a fuzzy 
subalgebra is again a fuzzy subalgebra, and the direct product of fuzzy subalgebras 
is a fuzzy subalgebra. We introduce the notion of fuzzy subalgebra generated by a 
fuzzy set and give a method to construct a fuzzy subalgebra from a fuzzy subset of 
finite range. Some characterization theorems are given. We notice that the 
collection of all fuzzy subalgebras of a given algebra form a lattice. Finally, the 
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notion of fuzzy congruence on an algebra , fuzzy congruence classes, fuzzy quotient 
algebras are introduced and prove that fuzzy quotient algebras are isomorphic to a 
certain ordinary quotient algebras in a natural way. 

2. Some Basic Results 

Throughout this paper , I denotes the unit interval [0,1] . All fuzzy subsets of a 
non empty set X are maps f-C X ~ I, and all fuzzy relations on X are maps 8: XxX 
~ 1. For elements a,b, E I ,a /\ b = min {a, b} and avb = max {a , b}. For fuzzy 
subsets!l and 'U of X, !l :S 'U means !l (x) :S 'U (x) for all x E X . A fuzzy relation 8 on 
X is called fuzzy equivalence relation if 8 (x ,x) = 1,8 (x,y) = 8 (y,x) and 8 (x,y) 2: 

8 (x ,z) /\ 8 (z ,y) for all x, y, z EX. We denote the characteristic function of X by 
Ix 

Definition 2.1 (Gratzer 1979) An algebra (or universal algebra) is a triple 

A = < A , C, F > such that A is a nanempty set and C is a subset of A (possibly 
empty) whose elements are called constant of A , and F is a set of finitary 
operations on A (i .e. an element of F is a map from An to A for a suitable positive 
integer n). If B is a none-empty subset of A , then B = < B , C, F > is called a 
subalgebra of A if C ~ B and for every n-ary function fin F and n elements b l , 

b2 , ... bn, in B, f (b l , b2, ... , bn) E B. 

Definition 2.2 (Gerla and Tortora 1985 ) Let A be an algebra. A fuzzy subalgebra 
of A is a fuzzy subset !l of A such that 

(i) !l (c) 2: !l (x) for all c E C, X E A, 

(ii) For every n-ary f E F and any elements a b a2, .. . ,an 10 A 

The notions of fuzzy subgroups, fuzzy subrings , fuzzy subfields , and fuzzy 
sublattices are easily shown to be particular cases of fuzzy subalgebras. 

Proposition 2.3. If A is an algebra , then B (0,* B ~ A) is a subalgebra of A iff Is 
is a fuzzy subalgebra of A. 

Proof. Assume that Is is a fuzzy subalgebra of A.Let f be any n-ary function in F 
and b l , b2, .. . , bn E B. Since b i E B for all 

i = 1,2, ... ,n, Is (b i ) = 1 for all i = 1,2, ... ,n . Thus , 

Is (f(b1 , b2, ... bn)) 2: Is (b l ) /\ Is (b2) /\ ... /\ Is (bn) l,so 
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Is (f(b" b2, ... bn)) = 1 and hence f (b[, b2, ... . bn) E B. For the converse , assume 
that B is a subalgebra of A. Since C <: B, we have Is (c) = 1 for all c E C , and 
hence Is (c) ~ Is (x) for all c E C, X E A. 

Now , let f be n-ary in F and ai, a2 , .... , an E A. We must show that 

(1) 

We have the following two cases: 

(i) aj E B for all i = 1,2, .... , n . In this case f(a" a2 , .... , an) E B, so that, 

(ii) At least one aj ~ B. In this case Is (aj) = 0, and hence 

Is (a l) /\ Is (a2) /\ .... /\ Is (an) = °which shows that (1) also hold. 

Definition 2.4 (Sherwood 1983) Let I-l be a fuzzy subset of A. For all t E [0,1], the 
set I-ll = { X E A I I-l (x) ~ t } is called level subset of I-l. 

Proposition 2.5 Let A be an algebra and I-l be a fuzzy subalgebra of A. Then for all 
tE I , I-lt is a su balgebra of A provided I-ll =1= 0. 

Proof. Since I-ll =1= 0, there is an element x E A such that I-l (x) ~ t. But as I-l (c) ~ I-l 
(x) for all c E C, X E A, we have I-l (c) ~ t for all c E C and hence c E I-ll for all 
c E C. Moreover. if f is n-ary in F and ai, a2, .... , an E 1-l1, then I-l (aj) ~ t for all i = 
1,2, .... , n, and so 

I-l (f(a l· a2,· .. · , an)) ~ I-l (al) /\ I-l (a2) /\ .... /\ I-l (an) ~ t, hence f(al, a2, .... , an) E I-ll 
and so I-lt is a subalgebra of A. 

Proposition 2.6 Let A be an algebra and I-l a fuzzy subset of A such that I-lt is a 
subalgebra of A for all t E 1. Then I-l is a fuzzy subalgebra of A. 

Proof. Since I-ll is a subalgebra of A, I-l (c) = 1 for all c E C. Now let f be n-ary in F, 
and ai, a2, .. .. , an in A with I-l (aj) = t j. Then aj E I-ll j for all 

i = 1,2 , ... . ,n. Assume t1 < t2 < .... < tn · Then it follows that 

I-lln <: I-lt n - I <: ... <: 1-l1 1 ' Hence a j E I-lII for all i = 1,2, ... n. As I-ltl is subalgebra of A, 
we have f(a1 ' a2,"" an) E 1-l1 1' Hence , 



4 	 Marouf A . Samhan and Fawzi A. AI-Thukair 

fA. (f(a h a2, ··. ,an)) 2: t, = fA. (al) A fA. (a2) A .. . A fA. (an). Therefore , fA. is a fuzzy 
subalgebra of A. 

3. Homomorphisms and Direct Products 

Definition 3.1 (Gratzer 1979) Suppose that A = < A,C,F > and 
B = < B , C ' ,F' > are two algebras of the same type. A mapping 0: : 

A --+ B is called a homomorphism from A to B if, for every f n-ary in F there exists 
f' n-ary on 0: (A) ,f' E F' such that 

for each sequence aj, a2, ... . , an from A.and if, Moreover , 

for an c E C , we have 0: (c) E C' 

Definition 3.2 (Nanda 1986) A fuzzy subset fA. of a set A is said to have the sup 
property if, for any subset B \: A, there exists bo E B such that 

V fA. (b) . 
b<B 

Theorem 3.3 Let 0: : A --+ 0: (A) be a homomorphism. 

(i) 	If u is a fuzzy suba\gebra of A and u has the sup property, then the image fA. of u 
is a fuzzy subalgebra of 0: (A), where fA. is defined by 

fA. (y) = V u (x) for aLl YEO: (A) . 
",,'(y) 

(ii) 	If fA. is a fuzzy suba\gebra of 0: (A), then the preimage u of fA. is a fuzzy 
subalgebra of A , where u is defined by u = fA. 0 0:, 

Proof. 

(i) Notice first that if CE C and 0: (a) E 0: (A) , then let b E 0:-
1 

(0: (a) ) such that 

u (b) = V u (x) 
H O, I (" (a) ) 

Then , 

fA. (0: (c) ) V u (x) 2: u (b) fA.(o:(a ) 
Hn" 	 (0- (c) ) 
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Now , let ex (al), ex (a2), .... ex (an) be in ex (A) and let f' be an n-ary function on ex 

(A) . Let f be the n-ary function on A such that 

Since u h as the sup property, we can find 

such that 

u (x), . . . , u (bn )X",, V«'( (") ) 

Hence , 

v u (z ) 
ZEn " (f'( " (,,) .. .. n ('''))) 

v u (z) 
"0'" (f"(Y (bll .... <¥ (b,))) 

v u (z) 
..1>" (0" (1 (b,) .. .. (b, ))) 

Therefore , Il is a fuzzy subalgebra of ex (A) . 

(ii) Let aI, a2 , .... ,an E A , fan n-ary function of A a nd f' an n-ary functi o n on ex(A) . 

Then 
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Also, if CE C and aE A , then 0: (a) E 0: (A) and 1) (c) = ~ (0: (c)) ~ ~ (0: (a) ) = 1) (a) . 


Therefore 1) is a fuzzy subalgebra of A. 


We prove now that the direct product of fuzzy subalgebras is agalll a fuzzy 

subalgebra. 


Theorem 3.4 If !!; is a fuzzy subalgebra of Ai for all iEJ , then 


IT ~i is a fuzzy subalgebra of IT Ai, where IT !-Ii is defined as 
~ ~ ~ 

IT !!; (x) A 
iE) ifJ 

Proof. Let ~ IT !!; and A IT Ai· It is clear that ~ (c) ~ ~ (x) for all 
ieJ ieJ 

CE C 

and x E A . Let XJ = < Xii >, X2 = < Xi2 >, .. . , Xn = < Xin > in A and f n-ary in F. 

Then 

A 
ieJ 

~ A ~i (Xii) /\ !li (Xi2) /\ ... /\ !!; (Xin)
jeJ 

~ A !li (Xi I) /\ A !-Ii (Xi2) /\ ... /\ A /Ai (Xin) 
ieJ ifJ ieJ 

!l (XI) /\ !l (X2) /\ ... /\ !l (Xn) · 

Therefore, !l is a fuzzy subalgebra of A. 

4. Fuzzy Subalgebras Generated by Fuzzy Subsets 

Proposition 4.1 If { !li : iEJ } is a nonempty family of fuzzy subalgebras of the 

algebra A , then A /Ai is a fuzzy subalgebra of A . 
iEJ 
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Hence , 

The fact that iJ.* (x) ~ iJ. (x) for all x E A follows directly from the definition of iJ.*. 

The following theorem shows that !A* = Fsg (iJ.). 

Theorem 4.6 Let U be a fuzzy subalgebra of A such that !A S u, then iJ.* S u. 

Proof. By Proposition 2.5, U t = {XE A : U (x) ~ t} is a subalgebra of A for all tE 
[0 , 1] . Since iJ. S U we have Y j C U tj for all 1 sis k, hence B j C Utj' 

Thus for each XE Bi - B i_1 we have iJ.* (x) = tt S U (X). Therefore we conclude that 
iJ.* (x) S U (x) for all XE A. 

Definition 4.7 Let A be an algebra, and denote the collection af all fuzzy 
subalgebras of A by Fsub (A). Define addition and multiplication on Fsub (A) by 

iJ.1 + iJ.2 = Fsg (iJ.l v iJ.2) and iJ.l · iJ.2 = !AI /\ iJ.2· 

It is evident that the triple < Fsub (A), + ,.> form a lattice . 

5. Fuzzy Congruences and Fuzzy Congruence Classes 

Definition 5.1 Let 8 be a fuzzy equivalence relation on an algebra A. Then 8 is a 
fuzzy congruence on A if for any n-ary f E F and any elements a1 ,a2, "" an, b1, 
b2,· .. , bn from A 

We denote by FC(A) the collection of all fuzzy congruences on A. 

Definition 5.2 (Murali 1989) If 8 is a fuzzy relation on a set A, then th ordinary 
relation on A associated with 8 , denoted by 8* is defined as 

8* = { (x ,y) : 8 (x.y) = I} . 
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Proposition 5.3 (Murali 1989). If 8 is fuzzy equivalence relation on a set A, then 
8* is an ordinary equivalence relation on A. 

Proposition 5.4 If 8 is a fuzzy congruence on the algebra A, then 8* is an ordinary 
congruence on A. 

Proof. By Proposition 5.3,8* is an equivalence relation on A. Let f be any n-ary in 
F and aJ, a2 .... , an, b], b2 .... , bn in A such that a}8* b j for all i = 1,2, .... ,n. Then, 

8 (aj, b j) = 1 for all i = 1,2, .... ,n, and 

1 and so 

Definition 5.5Let A be an algebra, a E A, and 8 E Fe (A). The fuzzy congruence 
class deter:nined by a and 8, denoted by a8 is the fuzzy subset of A defined by 

a 8 (b) = 8 (a,b) for all b EA. 

Definition 5.6 Let 8 E F C (A) and Al8 be the set of all fuzzy congruence classes, 
that is Al8 = {a8: aE A}. Let f be an n-ary in F. 

Then the n-ary function f* on A/8 induced by is defined as 

Theorem 5.7 f* is well-defined. 


Proof .Let a], a2, .... ,an, bj, b2,.... , bn in A such that 


8 (aj, b j) = a j8 (b j) = b j8 (b;) = 8 (b j, b j) = 1 for all i = 1,2, .... ,n. Thus, 
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So , 

Now, for any x E A 

• 

I 

I 

I Definition 5.8 The algebra < A/8, C /8, F *" > with underlying set A /8 (Set of 

constanb a 8 = {C8 ,c E C} and set of operations F·= { ( : f E F} is called the 

quotient algebra of A = < ( A, C,F >1) A algebra of A by S. 

Definition 5.9 Let 8 be a fuzzy congruence relation on A . Define the quotient 
fuzzy relation "8 on A/8 as "8 (a8, b8) = 8(a,b) for all a, b E A . • The following proposition is straightforward . 

I 

~ 
Proposition 5.10 8 E FC (A/8). ~ 

j Definition 5.11 Let 8 E FC (A) and cp is a fuz zy relation on A /S. 

I I Define the fuzzy relation cp on A by cp (a,b) = cp (a8 , b8) for all a, bE A . 

The following proposition is evident. 

Proposition 5.12 If cP E FC (A /8) , then cpE FC(A). 

The following theorem shows that the algebra A/8 is isomorphic to A/8* in a 
natural way. 
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Theorem 5.13 If 8E FC(A), then A/8 == A/8* . 


Proof. Let ex : Al8 ~ A/8* be defined by ex (a8) = a8* for all a E A . 


(i) a8 	= b8 iff for all x , 8 (a,x) = 8 (b,x); thus 8 (a,b) = 8 (b,b) = 1 which implies 
that a8*b. Hence a8* = b8* . This shows that ex is well-defined . 

(ii) 	 For any n -ary function ( EF· define an n-ary function (fr an Al 8* by 

«(r(al e* , . .. . ,an 8* ) = f(al , . ... ,an) 8*, then (f)'is in the set of aperations 

on Al8* by the definition of an ordinary quotient algebra and we have 

for any ai , a2, .... ,an E A . and for any CEC, we have ex (c8) = c8* .So ex is 

a homomorphism . 

(iii) 	 If a, bE A and ex (a8) = ex (b8) , then 

a8* = b8* ~ a8* b ~ 8 (a,b) = 1. 

Now, for any c E A 


a 8 (c) = 8 (a,c) = 8 (a,c) /\ 8 (a ,b) ~ 8 (b,c) = b8(c). 


Similarly , b8(c) ~ a8(c). Hence a8 = b8 and ex is one-to-one . 


(iii) If a8* E Al8* , then a8E Al8 is such that ex (a8) = a8* , which makes ex onto. 
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4s-~1 W~J . I';-)~ [0,1] UWI o;.....ill f".r- ~I 1..iA JJ\>. 

~LJJLJ IJ ' 11: X -+ I· ~ I lr~ X WL:.:­ ..r:-S- 4s-Y. If ;"';.,..-!ll ;.,; ~ I 


~ a 1\ b ~~ a,b e I 01.S I~l . e: X x X-+ I J_.6 -1\ lr~ X ~ ~.,..-!ll 


If ~?~~ .J:::.s-~ 1),11 ~lS I~l . max (a,b) ~ a v b J min (a,b) 


~ e ;"';~I 4i")WI ~ . xeX Js:l1l(X)~lJ(x) ~ ll~lJ 0~ X 4s-~1 


4s-~ 1\ ~I J.:.:1cl.I clllS' f".i-' . x,y,ze X Js:l e (x,y) ~ e (x,z) 1\ e (z,y) J 


e (x,y) = e (y,x) , e (x,x) = 1 01.S bl X J--s-~~y~w~ lr~ X 


Q 

. l'f")~ X 



