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AssTRACT. The aitm of this paper is to give a systematic study of fuzzy
subalgebras of a universal algebra. We introduce the notions of fuzzy
subalgebra generated by a fuzzy set. and fuzzy congruences on an algebra.
We also introduce a fuzzy congruence class and fuzzy quotient algebra and
prove that fuzzy quotient algebras are isomorphic to a certain ordinary
quotient algebra in a natural way.

1. Introduction

In recent years much attention have been given to generalizing the classical
notions of groups, rings, vector spaces algebras over a field, and lattices in the
context of fuzzy sets (Das 1981, Dixit et aJ. 1990, Lubczonok 1990, Muganda 1991,
Murali 1991a, 1991b, and Nanda 1986) Gerla and Tortora (1985) introduced the
notion of fuzzy subalgebra of a universal algebra. In this paper we continue
investigating the notion of fuzzy subalgebra of a universal algebra providing
several results. We prove that the homomorphic image and pre-image of a fuzzy
subalgebra is again a fuzzy subalgebra, and the direct product of fuzzy subalgebras
is a fuzzy subalgebra. We introduce the notion of fuzzy subalgebra generated by a
fuzzy set and give a method to construct a fuzzy subalgebra from a fuzzy subset of
finite range. Some characterization theorems are given. We notice that the
collection of all fuzzy subalgebras of a given algebra form a lattice. Finally, the
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notion of fuzzy congruence on an algebra, fuzzy congruence classes, fuzzy quotient
algebras are introduced and prove that fuzzy quotient algebras are isomorphic to a
certain ordinary quotient algebras in a natural way.

2. Some Basic Results

Throughout this paper, I denotes the unit interval [0,1]. All fuzzy subsets of a
nonempty set X are maps p: X — I, and all fuzzy relations on X are maps 6: XxX
— 1. For elements a,b, e I,a A b = min {a, b} and avb = max {a, b}. For fuzzy
subsets wand v of X, u = v means u (x) < v (x) for all x € X. A fuzzy relation 6 on
X is called fuzzy equivalence relation if 8 (x,x) = 1, 8 (x,y) = 8 (y,x) and 6 (x,y) =
8 (x,z) A 0 (z,y) for all x, y, z € X. We denote the characteristic function of X by
1)(.

Definition 2.1 (Gratzer 1979) An algebra (or universal algebra) is a triple

A = < A, C, F > such that A is a nonempty set and C is a subset of A (possibly
empty) whose elements are called constant of A, and F is a set of finitary
operations on A (i.e. an element of F is a map from A" to A for a suitable positive
integer n). If B is a none-empty subset of A, then B = < B, C, F > is called a
subalgebra of A if C C B and for every n-ary function f in F and n elements b,
bay,...b,, in B, f (by, b,,..., b,) € B.

Definition 2.2 (Gerla and Tortora 1985 ) Let A be an algebra. A fuzzy subalgebra
of A is a fuzzy subset u of A such that

(M) u) =u(x forall ce C, x € A,

(i1) For every n-ary f € F and any elements a,, a,,...,a, in A

uw ((a, az,..., ap)) = p (a;)) A n(a2) A...oap (ag).

The notions of fuzzy subgroups, fuzzy subrings, fuzzy subfields, and fuzzy
sublattices are easily shown to be particular cases of fuzzy subalgebras.

Proposition 2.3. If A is an algebra, then B (@ # B C A) is a subalgebra of A iff 1
is a fuzzy subalgebra of A.

Proof. Assume that 1y is a fuzzy subalgebra of A.Let f be any n-ary function in F
and by, b,,..., b, € B. Since b; ¢ B for all

i =12,..n,1g (b)) = 1 for all i = 1,2,...,n. Thus,
1B (f(b], b2,... bn)) e lB (b]) A 1B (bz) AL A 1B (bn) = 1,s0
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1g (f(by, ba,... by)) = 1 and hence f (b}, ba,.... b,) € B. For the converse, assume
that B is a subalgebra of A. Since C C B, we have 1 (c) = 1 for all c € C, and
hence 1g (c¢) = 1 (x) for all ce C, x € A.

Now, let f be n-ary in F and a,, a,,...., a, € A. We must show that
1p (f(ay, az,.... ay)) = 1 (a)) A 1g (a2) A.... A 15 (a,) (1)
We have the following two cases:
(1) a; e B for all i = 1,2, ...., n. In this case f(a,, a,,...., a,) € B, so that,
1g (f(a;, az,...., a,)) = 1 and (1) holds.
(ii) At least one a; ¢ B. In this case 1g (a;) = 0, and hence
1g (a;)) A 1g (@) A....n 1 (a,) = 0 which shows that (1) also hold.

Definition 2.4 (Sherwood 1983) Let u be a fuzzy subset of A. For all t € [0,1], the
set W, = { x € A|u(x) =t} is called level subset of p.

Proposition 2.5 Let A be an algebra and u be a fuzzy subalgebra of A. Then for all
te I, pn, is a subalgebra of A provided u, # @.

Proof. Since p, # @, there is an element x € A such that u(x) =t. Butasu(c) =
(x) for all ce C, x € A, we have u (c) = t for all c € C and hence ¢ € p, for all
¢ € C. Moreover, if fis n-ary in F and ay, a,,...., a, € u,, then pn (a;) = t for all i =
1,2, ...., n, and so

u (f(al' A2yueeny an)) = U (al) AU (aZ) A AR (an) =1, hence f(ala 250000y an) € W
and so w, is a subalgebra of A.

Proposition 2.6 Let A be an algebra and p a fuzzy subset of A such that p, is a
subalgebra of A for all t € I. Then p is a fuzzy subalgebra of A.

Proof. Since p is a subalgebra of A, u (c) = 1 forall c € C. Now let f be n-ary in F,
and a,, a,,...., a, in A with pn (a;) = t;. Then a; € u, for all

i=12,....,n. Assume t; < t, <.... < t,. Then it follows that

e, € W, € - C - Hence e p, foralli=1,2,.... n. Asp,, issubalgebraof A,
we have f(a,, a,..., a,) €. Hence,
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w (f(ag, as,...,a0)) = t; = n () A U (a2) A...A @ (ay). Therefore, wis a fuzzy
subalgebra of A.

3. Homomorphisms and Direct Products
Definition 3.1 (Qrétzer 1979) Suppose that A = < A,CF > and
B = < B, C ,F > are two algebras of the same type. A mapping o :

A — B is called a homomorphism from A to B if, for every f n-ary in F there exists
f'" n-ary on o (A),f' € F’ such that

« (f(ah a29""7an)) = f (a (31), « (32)’-'-- @ (an))
for each sequence a;, ay,...., a, from A.and if, Moreover,
for all c € C, we have o (¢) € C’

Definition 3.2 (Nanda 1986) A fuzzy subset u of a set A is said to have the sup
property if, for any subset B C A, there exists b, € B such that

w(bo) =V ui(b).

beB

Theorem 3.3 Let «: A — « (A) be a homomorphism.

(i) Ifvis a fuzzy subalgebra of A and v has the sup property, then the image p of v
is a fuzzy subalgebra of « (A), where u is defined by

w(y) = V v(x) forallyea (A).

xea'l(y)

(ii) If w is a fuzzy subalgebra of o (A), then the preimage v of p is a fuzzy
subalgebra of A, where v is defined by v = p o «a.

Proof.
(i) Notice first that if ce C and « (a) € « (A), then let b € «' (« (a) ) such that
v (b) = Vv v (%)
xea’! (a (a) )

Then,

u(x (¢) ) = Vv v(x)=v(b) =u(x(a))

xea! (« () )
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Now, let « (a;), « (a3),.... « (a,) be in o (A) and let f' be an n-ary function on «

(A). Let f be the n-ary function on A such that

f (o (ay),-..., « (a,) ) = « ( f (ay,....,a,) )
Since v has the sup property, we can find

by € o' (o (ay) ),...., by € &' (« (a,) )

such that
VoS Ve VO vEI = N
Hence,
u (f (¢ (ar),..., « (a,) ) = Vv v (2)

zea! (f'(o (ay)..... a {an))

_ \V4 v (2)
zeat (Fa (). o (by))

= \Y% v (2)
zea (a'(l (by)..... (b))

= v (f (b),..., by) )
= v (b) A vi(by) A...n v (by)
=p(a@))rmpa@))r.nnplx(a))
Therefore, u is a fuzzy subalgebra of « (A).

(i) Letay, ay,....,a, € A, f an n-ary function of A and f' an n-ary function on a(A).

Then

v (f (a), az,..., a,) ) = u (o« (f (a,, as..... a,)))

p(f (« (a)), a (ay),..., « (a,) ))

v

w (e (@) A p(a(a) Aa (o (ay)

Il

v (a;) A v (a) A.oA v (an).
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Also, if ce Cand ae A, then « (a) € « (A) and v (¢) = u (x (¢)) = n(x (a) ) = v (a).
Therefore v is a fuzzy subalgebra of A.

We prove now that the direct product of fuzzy subalgebras is again a fuzzy
subalgebra.

Theorem 3.4 If p; is a fuzzy subalgebra of A; for all iel, then

IT w is a fuzzy subalgebra of [1 A, where rIJ w is defined as

i€l ie)

IT w®x = /} w (x) for all x = < x;, > ¢ [1 A

i€l i€l

Proof. Let w = II w and A = [T A Itis clear that u (c) = u (x) for all
ieJ ie)

ce C

andx € A. Letx; = <x; >, X, = <X >,..., X, = < Xin > in A and f n-ary in F.

Then

w(f (xq, Xopeos x0) ) = A w (F Xy Xizoeons Xin) )

ie

= {} W (X)) Ay (Xi2) Aoy (Xin)
= A w(xi) A /d\ W (Xi2) A..A /u\ W (Xin)

i€

X)) A () AcA w(xp).
Therefore, n is a fuzzy subalgebra of A.

4. Fuzzy Subalgebras Generated by Fuzzy Subsets

Proposition 4.1 If { w; : ieJ } is a nonempty family of fuzzy subalgebras of the

algebra A, then A W is a fuzzy subalgebra of A.
i€
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Hence,

W* (f(ap,az,...., ap)) = t; = p* (a) A ¥ (a2) Aoa w® (an).
The fact that p* (x) = u (x) for all x € A follows directly from the definition of p*.

The following theorem shows that u* = Fsg ().

Theorem 4.6 Let v be a fuzzy subalgebra of A such that u = v, then u* = v.

Proof. By Proposition 2.5, v, = {xe A : v (x) = t} is a subalgebra of A for all te
[0, 1]. Since u = v we have Y; C v, for all 1 = i = k, hence B; C v,

Thus for each xe B; - B; ; we have u* (x) = t; = v (x). Therefore we conclude that
w* (x) = v (x) for all xe A.

Definition 4.7 Let A be an algebra, and denote the collection af all fuzzy
subalgebras of A by Fsub (A). Define addition and multiplication on Fsub (A) by

Wi+ M2 = Fsg (W v W) and pg. wo = up A Ko

It is evident that the triple < Fsub (A), +,.> form a lattice.

5. Fuzzy Congruences and Fuzzy Congruence Classes
Definition 5.1 Let 0 be a fuzzy equivalence relation on an algebra A. Then 6 is a
fuzzy congruence on A if for any n-ary f € F and any elements a;,a,,..., a,, by,

b,,..., b, from A

6 (f(ay, az,...., an), f(by, ba,.... , b)) = 6 (ay, b)) A B (az, ba) A....A 6 (ag, by)

We denote by FC(A) the collection of all fuzzy congruences on A.

Definition 5.2 (Murali 1989) If 8 is a fuzzy relation on a set A, then th ordinary
relation on A associated with 6, denoted by 6* is defined as

0% = { (xy): 8 (xy) = 1}.
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Proposition 5.3 (Murali 1989). If 0 is fuzzy equivalence relation on a set A, then
0* is an ordinary equivalence relation on A.

Proposition 5.4 If 0 is a fuzzy congruence on the algebra A, then 6™ is an ordinary
congruence on A.

Proof. By Proposition 5.3,0™ is an equivalence relation on A. Let f be any n-ary in
F and a,, a...., a,, by, b, ...., b, in A such that a; 8* b; foralli = 1,2,....,n. Then,

0 (a;, b)) = 1 for all i = 1,2,....,n, and

0 (f(a,, az,....,a,), f(by, ba,..., b)) = 0 (a;, b)) A B (az, b)) A....A B (ay, by) = 1.

Thus, 0 (f(a,, a,,....,a,), f(b;, ba,....,b,)) = 1 and so

f(al,az,....,an) 9* f(bl,b2,....,bn).

Definition 5.5 Let A be an algebra, a € A, and 6 € F C (A). The fuzzy congruence
class determined by a and 6, denoted by a6 is the fuzzy subset of A defined by

af (b) = 0 (a,b) for all b e A.

Definition 5.6 Let 6 € F C (A) and A/B be the set of all fuzzy congruence classes,
that is A/ = {aB : ae A}. Let f be an n-ary in F.

Then the n-ary function f* on A/0 induced by f is defined as

f* (a;0, a,0,...., a,0) = f(a,, a,,....,a,) 0.

Theorem 5.7 f* is well-defined.

Proof .Let a,, a,,....,a,, by, bs,...., b, in A such that

a;0 = b0, a,0 = b,0,....,a,0 = b,0. Then

0 (a;, b)) = a8 (b)) = bo (b)) = 6 (b;, b)) = 1 for all i = 1,2,....,n. Thus,

0 (f(ay, ay,....,a,), f(by, ba,.....bs)) = 6 (a;, b)) A 6 (a, b)) A...A B (a,,b,) = 1.
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So,

0 (f(a;, a,,...., a,), f(by, by,....;by)) = 1.

Now, for any x € A
f(a,, as,....,a,) 0 (x) = 0 (x, f(a;, ay,....,a,))

= 0 (x, f(a;, az,..., a5)) A 6 (f(a;, az,...a,), f(by, ba,....by))

IA

0 (x, f(bq, ba,....,by))

il

f(by, bay....;by) O ().

Similarly; f(by, bs,.....b,) 8 (x) = (a1, az,....,a,) 0 (x). Therefore,

f(a,, as,....,an) B = f(by, by,.....b,) 6 and f* is well defined.

Definition 5.8 The algebra < A/6,C/6,F* > with underlying set A/ (Setof

constanb C/ 8= {co,c ¢ C} and set of operations F'={ f : f ¢F } is called the

quotient algebraof A= < (A, C,F >I) A aigebra of A by 6.

Definition 5.9 Let © be a fuzzy congruence relation on A. Define the quotient

fuzzy relation ® on A/0 as 6 (aB, b8) = O(a.b) for all a. b e A.
The following proposition is straightforward.

Proposition 5.10 8 € FC (A/6).

Definition 5.11 Let 6 € FC (A) and @ is a fuzzy relation on A/8.

Define the fuzzy relation ¢ on A by ¢ (a,b) = @ (aB, b0) for all a. b e A.

The following proposition is evident.

Proposition 5.12 1f ¢ € FC (A/6), then @eFC(A).

The following theorem shows that the algebra A/6 is isomorphic to A/6* in a
natural way.
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Theorem 5.13 If 8e FC(A), then A/0 = A/0*.
Proof. Let «: A/® — A/8* be defined by « (a®) = ab* for all a € A.

(i) a0 = bo iff for all x, 6 (a,x) = 6 (b,x); thus 6 (a,b) = 8 (b,b) = 1 which implies
that aB8*b. Hence a6* = bB*. This shows that « is well-defined.

(ii) For any n -ary function f €F’ define an n-ary function (fY an A/6* by
(f')’(al 8%.....,.3, 8% ) = f(ay,....,a,) 6%, then (f'Yis in the set of aperations

on A/6* by the definition of an ordinary quotient algebra and we have

« (f(a;, ay,...., a,) 0)

I

« (f(a,8, a9,....,a,0))

f(al, A5 wasy a,.,) 6*

=(f*)(a;0%, a,06*,..., 2,6*)

=(f*)(« (a,0), « (a0),..., « (a,0))

for any a,, a,,....,a, € A. and for any ceC, we have « (c8)= c6%.S0 « is

a homomorphism.

(iii) If a, be A and « (aB) = « (bO), then

ab* = bo* = ab* b = 6 (a,b) = 1.

Now, for any ce A
af(c) =06 (a,c) = 0 (a,c) A 6 (a,b) = 0 (b,c) = bb(c).
Similarly, b6(c) = af(c). Hence aB = b6 and « is one-to-one.

(iii) If a8* € A/0*, then aBe A/Q is such that « (aB) = a®™, which makes « onto.
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