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ABSTRACT. We consider 4-dimensional CR-Submanifolds of constant 
curvature in the six-dimensional sphere. We proved that such submanifolds 
does not exist if the holomorphic distribution is parallel. We also proved that 
the integral submanifold of [he holomorphic distribution is totally geodesic. 

Introduction: An almost H~rmitian manifold (M,J ,g) with Riemannian connection 7 

is called nearly Kaehlerian if (7 XJ) (X) = 0 for any XE3E (M). The typical important 

example is the six-dimentional sphere S6 (Fukami and Ishihara 1955) . It is because of 

this nearly Kaehler, non- Kaehler structure that S6 has drawn the attention. Different 

classes of submanifolds of S6 have been studied by several authors. In particular 

(Sekigawa 1984) has proved that S6 does not admit any proper CR-product. (Gray 

1969) has also proved that S6 does not admit a 4-dimensional complex submanifolds. It 

is obvious that a 4-dimensional totally real submenifold in S6 does not exits. Therefore 

the only four-dimensional submanifolds in S6 , if they exist , are the proper 

CR-submanifolds . 

In this paper we consider 4-dimensional CR-submanifolds M of S6, with parallel 

holomorphic distribution D, we prove that S6 does not admit such submanifolds with 

constant curvature. We also prove that the integral submanifold of the distribution D 

is totally geodesic . 

* 1980 Mathematics subject classification, Primary 53C40, secondary 53C55. 
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Preliminaries: A submanifold M of dim (2p+q) in S6 is called a CR-submanifold if 

there exists a pair of orthogonal complementary distributions D and Dol auch that 

JD=D and JDol Cvwhere v is the normal bundle of M and dim D = 2p, dim Dol = q 

(Bejancu 1978). Thus the normal bundle v splits as v = JDol EEl p- where p- is invariant 

sub-bundle of v under J. A CR-submanifold is said to be proper if neither D = {O }, 

nor Dol = { 0 }. 

Let 'V be the Riemannian connection induced on M and 'Vol be that in the normal 

bundle. Then we have the following Gauss and Weingarten formulas . 

x, Y E 3E (M) 

where h (X, Y) and ANX are the second fundamental forms which are related by 

g (h(X,Y) ,N) 

A CR-submanifold is said to be totally geodesic if h = 0 and mixed totally geodesic if 

h (X, Z) = 0 for XED and ZEDol . 

The holomorphic distribution D is said to be parallel if 'V yXED for any X, Y in D. 

Let R be the curvature tensor associated with 'V. Then the equation of Gauss is 

given by 

(1.3) R(X,Y,Z,W) = R (X,Y,Z,W) + g (h(X,W) , h (Y,Z)) -g (h (X,Z), h (Y,W)). 

where in this case R (X,Y ,Z,W) = C {g (Y,Z) g(X,W) -g(X,Z) g(Y,W) } is the 

Riemannian curvature of S6 with constant curvature C. The CR-submanifold M is a 
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space of constant curvature if all sectional curvatures R(X,Y, Y ,X) are constants for 

any plane section {X,Y}, where X,Y E 3E (M). 

4- Dimensional CR-submanifolds of 56: First we prove the following lemma 

Lemma: In a 4-dimensional CR-submanifold of S6 with parallel holomorphic 

distribution D we have h (X,Y) = °for X,Y in D . 

Proof: 

We know that in S6 there does not exist a 4-dimensional holomorphic submanifold 

(Gray 1969). Also S6 does not admit 4-dimensional totally real submanifolds. 

Therefore we have only proper CR-submanifold of dimension4 in S6. i.e. dim D 

= dim D-L = 2. Hence the normal bundle v == JD-L. Therefore h (X ,Y) clD-L. 

Also for X non-zero in D, {X, JX} is a local frame for D, and therefore it follows from 

(\7 XJ) X =0, that (\7 XJ) (JX) = G(X,JX) = °where G(X,Y) is defined b~G(X,y) 

=_(\7 XJ)Y. Thus G (X,Y) = 0, for any X,YED. Now using the equation \7 yJX = 

J\7 yX with the help of G (X,Y) = 0, we get \7 yJX+h (J X, Y) = J\7 yX+Jh (X,Y). 

Then taking inner product with ZED-L, we have h (X,Y) = °for X,YED. 

Now we shall prove the following two theorems. 

Theorem (1): In S6 there does not exist a 4-dimensional CR-submanifold with parallel 

distribution D and constant curvature. 

Theorem (2): Let M be a 4-dimensional CR-submanifold in S6 with parallel 

holomorphic distribution D. Then the integral submanifold of D is totally geodesic. 

proof of theorem (1); Since M is proper dim D=dim D-L = 2. 

So let {e, Je, ~,l]} be a frame field for TM and {J~, Jl]} be a frame field for the 

normal bundle v=JD-L where eED and ~,l] ED-L. We know that h(X,Y) = °for X,Yin 
D~ Then using Gauss equation (1.3) we get 
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R (e,Je,Je,e) = c, R(e,s,s, e) = c _II h(e ,s) 112 

R (Je,s,s,Je) = c-II h(Je ,s) W, R(e,Tj ,Tj,e) = c-II h(e ,T]) 11 2 

R (Je ,Tj ,T] ,Je) = c- II h(Je,T]) 11 
2

, 

where c is constant and equal the curvature of S6. Since M is of constant curvature we 

have 

h (e,s) = h (Je,s) = h (e,Tj) h (Je,Tj) = 0 

or equivalently h (X,Z) = 0 for XED, ZED-1. 


Now using h (X,Z) = 0 in the equation \7 XJZ = J\7 XZ+G (X,Z) and with the help 

-1 .

of equations (1.1), (1.2) we get g (G(X,Z),W) = 0 for XED , Z, WED . I.e. 

g (G(Z,W),X) = O. From this we have G(Z,W) ED-1 . But since g(G(s,Tj) ,s) = 
g(G(s,Tj),Tj) = 0, we have G(s,Tj)ED. Therefore we also have G(Z,W) ED. i.e. 
G(Z,W) = O. From this we get the equation \7 WJZ = J \7 wZ . Now this last 

equation with the help of equations (1.1), (1.2) gives gtvwZ,JX) = 0 for any XED. 
i.e. \7 ZED-1, WED-1 . Also g (Y ,Z) = 0 and \7 XYED give \7 ZED-1 . Therefore 

W X

\7 yZED-1 for all YE 3E(M) . 


Using g(X,Z) = 0 we also get \7 yXED, for XED, YE 3E (M). This means that M is 

a CR-product , a contradiction (Sekigawa 1984). 

Proof of theorem (2): 

The proof is an immediate consequence of the difinition of parallel distribution. In 

fact since the holomorphic distribution D is parallel we have for X,YED \7 XYED . 

This implies that the holomorphic distribution D is integrable . 

Then it follows that h(X,Y) = 0, for any X,YED . Therefore the integrable 

submanifold of the holomorphic distribution D is totally geodesic. 
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