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ABSTRACT. In this paper we study fuzzy convex sublattice, fuzzy ideals
(filters). fuzzy prime ideals, (filters) on a lattice and give a characterization of
these concepts by their level sets. The fuzzy convex sublattices are
represented in terms of fuzzy ideals and filters. Fuzzy maximal ideals (filters)
are introduced, and in a special distributive lattices, the fuzzy maximal ideals
(filters) are characterized in relation to fuzzy prime ideals (filters).
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1. Introduction

In (Zadeh 1965) the concept of fuzzy sets was introduced, and Rosenfeld in
(Rosenfeld 1971) applied the concept to the theory of groups. Since then many papers
have been written either to introduce a new concept of a fuzzy algebraic structure or
to prove more results on the known ones. In (Yuan and Wangming 1990) the concept
of fuzzy ideals in a distributive lattice was introduced. In this paper we study these
concepts in more detail, we characterize fuzzy prime ideals (filters) via their level sets,
introduce the concept of fuzzy convex sublacttice and represent it in terms of fuzzy
ideals and filters, fuzzy analogue of the prime ideal theroem is proved.

We also introduce the concept of fuzzy maximal ideals (filters) and prove thatin a
general lattice fuzzy maximal ideals (filters) are fuzzy prime ideals (filters), we also
show that in a generalized Boolean algebra these two concepts are the same. We
finally give fuzzy analogue theorems characterizing fuzzy maximal ideals (filters) in
Boolean algebras and pseudocomplemented distributive lattices.
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188 Fuzzy Ideals and Filters on Lattices

Throughout this paper L = < L, +,.,0,1 > denotes a lattice with least element 0
and greatest element 1 and fuzzy subsets of L are maps u :I— [0,1]. For a, be [0,1],
a V' b = max{a,b} and a /A b = min{a,b}.

2. Convex Fuzzy Sublattices

Definition 2.1.(Bo and Wangming 1990). A fuzzy subset u of a lattice y is called a
fuzzy sublattice of j if

p(x +y) /A p(xy) = p(x) /A ply) Vxy in L.

Proposition 2.2.(Samhan and Al-Thukair 1992). Let u be a fuzzy subset of L. Then u
18 a fuzzy sublattice of L iff the nonempty a-level sets u, = {xin L : u(x) = « } are
sublattices of L for each «e[0,1]. A

Definition 2.3. (Gratzer 1978). A sublattice K of a lattice L is called convex sublattice
of L if Va,beK, Veep, if a = ¢ = b, then ceK.

Defination 2.4. A fuzzy sublattice u of L is called convex iff Vx,y,z e L,ifx =z =<y,
then u(z) = u(x) /N wly).

Proposition 2.5. Let u be a fuzzy sublattice of L. Then u is convex fuzzy sublattice of
L iff the nonempty «- level sets u, are convex sublattices of L for all we[0,1].

Proof. Assume first that u is a convex fuzzy sublattice of L. Let x,yeu, and zeL such
that x = z = y. Since u is convex, we have u(z) = u(x) \ u(y) = «, S0z € py and py is
a convex sublattice. Conversely; assume u, is a convex sublattice of L for all a€[0,1].

Let x,y,zeL be such that x = z = y. If u(z) < u(x) /\ u(y), then there is ae [0,1] such

that u(z) < o < u(x) /\ u(y). Thus, u(x), u(y) > « and so x,yeu,. By the convexity of

o We have zeu, and so u(z) = « a contradiction. Hence p(z) = p(x) /A p(y) and pis a

convex fuzzy sublatice of L. A
The proofs of the following two lemmas are straightforward.

Lemma 2.6.1f u and v are fuzzy subsets of L, then (u N v)y = po N vy Yae[0,1].

Lemma 2.7. If {i:iel} is a family of convex fuzzy sublattices of L, then so is leﬂl Wi

Definition 2.8.(Bo and Wangming 1990). A fuzzy subset u of [ is a fuzzy ideal (filter)
of L if Vx,veL,
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(i) m is a fuzzy sublattice of L;
(ii) if x =y, then pu(x) = w(y) (u(x) = wuly)).

Proposition 2.9. Let p. be a fuzzy subset of L. Then  is a fuzzy ideal (filter) of L iff the
nonempty «-level sets u, are ideals (filters) of L Vue[0,1].

Proof. We prove the ideal case, becasue the filter case can be handled in a similar way.
Assume first that w is a fuzzy ideal of[ and « €[0,1] such that u, # 8. Let x,yeu,.

Since u(x +y) = p (x) /\ p (y) = «, we have x + yepu,. Also, if x =y and yep,, then
w(x) = u(y) = « and so xep,. Hence pu, is an ideal of L. Conversely; assume u, is an
ideal of L Yoe [0,1], o # ¢. Let x, yeL and o = p (x) /\ i (y). Then p (x), p (y) = «,
and so x,yep,. Thus, X + yeu,, andso pw (x +y) = « = u(x) N p (y). Also;if x <y
and u(y) = «, then yep, and so xep,. Thus; u(x) = o = u(y) proving that u is a fuzzy
ideal of L. A

We now characterize convex fuzzy sublattices in terms of fuzzy ideals and fuzzy
filters.

Proposition2.10.1f u is a fuzzy ideal of [ and vis a fuzzy filter of L with u N V# ¢,
then w N v is a convex fuzzy sublattice of L.

Proof. By Lemma 2.6, (u N v) , = uy N v, and by Proposition 2.9, , is an ideal and
vy isafilter of L. By Lemma 6, page 19 of (Gratzer 1978) we have u, N v, is a convex
sublattice of L, and so by Proposition 2.5, w N vis a convex fuzzy sublatticeof L. A

Theorem 2.11. If u is a convex fuzzy sublattice of L, then there are unique fuzzy ideal
v and fuzzy filter § such that u = y N B,

Proof. By proposition 2.5, we know that the o- level sets u,, are convex sublattices of
L, for all we[0,1]. By Lemma 6, page 19 of (Gritzer 1978), there are unique ideals A,

and filters B, of L such that u, = A, N B,. Note that u,; C e if @ = «,. By the
construction of A, and B, it is obvious to see that if «; = «y,then A, C A and By,
g Bo:Z'

We construct fuzzy subsets y and S a5 follows:

y (x) = sup «
XeA,
B (x) = sup o

X€B,
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Note that for te[0,1], the level sets

‘Y:=ﬂAa

Il
)
jor}

R

B

ast
Hence v, B, are ideals, filters respectively. By Proposition 2.9 we conclude that y is a
fuzzy ideal and B is a fuzzy filter.

It remains to show that u= y N B. Note that

g (x) = sup «

XEML o

sup «
X€ Aopﬂ B,

= sup o /\ sup «
xeA T SURg

=y(x) N\ B(x)

Thus, u =y N B.
To prove uniqueness suppose that

p=239np,

where & is a fuzzy ideal and P is a fuzzy filter.
For each we[0,1], we have

Ro = Oy N py,

where 9, are ideals and P, are filters. By the uiqueness of this decomposition in
Lemma 6 of (Gritzer 1978), we have 8, = A, and P« = B,.

Now d(x) = sup o = sup o = y(X)

X€d, XEA,

P(x) = sup o = sug a = B(x)
XEQ, xeB,

This shows uniqueness and concludes the proof. A
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We finsih this section by showing that the fuzzy congruence classes of a fuzzy
congruence relation of a lattice L are convex fuzzy sublattices.

By a fuzzy congruence relation on a lattice L we mean a fuzzy relation
8: L x L —[0,1] satisfying the following conditions Vx,y,z, ueL

(1) 8 (xx) = 1;

(i) 6 (xy) = 6 (y,x);
(i) 6 (x,y) = 6 (x,;2) N 8 (z,y);

(iv) 0 (x + y,z + u) =6 (x,2) N\ 0 (y,u);
(v) 8 (xy, zu) = 0 (x,2) \ 0 (y,u).

Vol

Definition2.12. (Samhan and Al-Thukair 1992). Let L be a lattice, xeL and 0 a fuzzy
congruence relation on L. The fuzzy congruence class determined by x and 8, denoted
by x0 is the fuzzy subset of L defined by

x8(y) = 0(x,y) VyeL.
Theorem 2.13. With that above notation, x0 is a convex fuzzy sublattice of L.

Proff. Let y, zeL. Then

x6(y + 2) = 0(x,y + 2) = 6(x + x,y + z)

> 8(xy) A B(x2) = x0(3) A x0(2).

Also;

8(x,yz) = 8(xx,yz)
B(x,y) N 8(x,z) = x 6(y) /\ x6(z).

x0(yz)

Vo

Finally, if y = u = z, then
0 (xu,u) = 0 (xu,uz) = 6(x,z) A 8(u,u) = 68(x,z).
$0;

B (x,u) =0 (ux +x,u+y

6 (ux, u N8 (xy)
8 (x,z) N\ 0 (x,y)

Vv

Thus; x 0 (u)=x 0 (z) /\ x 6 (y) proving that x is a convex fuzzy sublattice
of L. A
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3. Fuzzy Prime ldeals and Filters

Definition 3.1. Let u be a fuzzy ideal (filter) of L. Then u is called a fuzzy prime ideal
(filter) of L if

(i) m is nonconstant, and

(i) mlxy) < () vV u(y) (x +y) < wx) Vu(y) Vxyer.

The following theorem gives the relationship between fuzzy prime ideals (filters)
and their level sets.

Theorem 3.2. Let p be a nonconstant fuzzy ideal (filter) of L. Then p is fuzzy prime
ideal (filter) of L iff the nonempty o-level sets p, are prime ideals (filters) of L for
each «el0,1].

Proof. We prove the theorem for ideals (the filter case is handled in a similar way).
Assume first that w is a fuzzy prime ideal of I and «e[0,1] such that u, # ¢. Let x,yeL
and xyeu,. Then p(x)\/ u(y) = p(xy) = « and so either u(x) = « or u(y) = «, and
hence either xeu, or y€p.. Therefore, u, is a prime ideal of L. Conversely; assume
that u, is a prime ideal of L Vae[0,1], where p, # 0. Let x,ye[ we will show that
1(xy) < u(x) \/u(y). Suppose in the contrary that u(xy) > w(x)\/s(y). Then there is
«€f0,1] such that u(xy) > « > u(x)\/ u(y). Thus, xyep,,and as p, is prime ideal of L
we must have either xep, or yeu,, and this imply that either u(x) = « or u(y) = «.
But then u(x)\/u(y) = « a contradiction.

The following theorem is the fuzzy version of the prime ideal theorem

Theorem 3.3. Let L be a distributive lattice, x is a nonconstant fuzzy ideal and v is a
nonconstant fuzzy filter of L such that 4 N v = @. Then there is a fuzzy prime ideal 8
L such thatpgﬁandﬁﬂvzw.

Proof. The proof of this theorem is along a similr construction used in the proof of
Theorem 2.11. For ae[0,1],we have u, and v, are ideals and filters of L respectively,
with u, N v, = ¢. By Theorem 1 of (Balbes and Dwinger 1974), there are prime ideals
P, of L such that p, C P, and P,Nv,=9. Note that py; C pe; if @y = o, and by the
proof of Theorem 1 (Balbes and Dwinger 1974) we have P,; C puo.

SUPxePas if such P, exists
Define g(x) = {

otherwise
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For te[0,1] note that

B = N P,

a=t

hence f, is a prime ideal which implies that 3 is a fuzzy prime ideal by Theorem 3.2.

Note that u(x) = sup «<sup « (because p, C P,) thus u(x) = B(x).
XEly  XEllg

It remains to show that § N v = @ which is obvious. A

4. Fuzzy Maximal Ideals and Filters

Definition 4.1. Let u be a fuzzy ideal (filter) of L. Then w is called a fuzzy maximal
ideal (filter) if u; = {xep : u(x) = 1} is a maximal ideal (filter) of L.

Note that if wu is a fuzzy maximal ideal (filter) of L, then u(0) = 1 (n(1) = 1).

Proposition 4.2. If p is a fuzzy maximal ideal (filter) of L and X, is any fuzzy ideal
(filter) of L such that w C X, then either u, = X, or A = 1.

Proof. Since w, is a maximal ideal of [, and X, is an ideal of L with u C A, then we

must have w; C A, for if xeu;, then 1 = p(x) < A(x), and so xek,. Hence by
maximality of w; we must have either u; = A; or A} = [

The filter case is handled similarly. A

The proof of the following theorem is along the lines of Theorem 3.4 in (Malik and
Mordeson 1991) and so we omit the proof.

Theorem 4.3. 1f p is a fuzzy maximal ideal (filter) of L, then | Im (n) |= 2.

Theorem 4.4, If pu is a fuzzy maximal ideal (filter) of L, then u is a fuzzy prime ideal
(filter) of L.




194 Fuzzy Ideals and Filters on Lattices

Proof. Assume that y is a fuzzy maximal ideal of L. Then by Theorem 4.3, we have Im

(1) = {o,1}, « < 1.Now as p, is a maximal ideal we have y, is a prime ideal. Let
x,yel We must show that

p(xy) < p(x) Vie(y) (1
If x,yep;, then u(x) = p(y) = 1 hence (1) holds.
If x¢u,, ye py, then u(x) VV u(y) = 1 and (1) holds.
If x¢u, y¢p, then xy¢u; and we have u(x) = u(y) = p(xy) = «, and (1) also holds.

Therefore p is a fuzzy prime ideal of L. The case of fuzzy maximal filter imply fuzzy
prime filter is handled similarly.

In Theorem 4.6 we show that converse of Theorem 4.4 is also true in some special
lattice L, however this is not so in general.

Definition 4.5. (Balbes and Dwinger 1974). An element xelL is relatively
complemented if x is complemented in every interval [a, b] which contains x. A
generalized Boolean algebra is a distributive lattice with 0 and 1 such that every
element is relatively complemented.

Theorem 4.6. Let L be a generalized Boolean algebra and u is a fuzzy prime ideal of
L. Then w is a fuzzy maximal ideal of L.

Proof. Since p is a fuzzy prime ideal, then by Theorem 3.2, p, is prime ideal and by
Corollary 8 of (Balbes and Dwinger 1974) page 69, u, is a maximal ideal. Therefore
is a fuzzy maximal ideal of L.

Combining Theorems 4.4 and 4.6 we get:

Corollary 4.7.In a Boolean algebra B, the fuzzy maximal ideals are precisely the fuzzy
prime ideals.

Theorem 4.8.Let B be Boolean algebra and u fuzzy ideal (filter) of B. Then wu is a
fuzzy maximal ideal (filter) of B iff u(a) = 1 or p(a’) = 1 but not both for all aeB.

Proof. Assume first that u is fuzzy maximal ideal and aeB. Then p,; is a maximal ideal
of B. Hence by exercise 11 of (Balbes and Dwinger 1974) page 69, either aeu; or a’ep,
but not both. Hence either u(a) = 1 or pu(a’ ) = 1 but not both.

Conversely; assume that the condition holds. Since w is a fuzzy ideal, we have u, is an
ideal and aeu, or a’eu, but not both Yaeg Hence by exercise 11 of (Balbes and
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Dwinger 1974) page 69, s, must be a maximal ideal. Therefore u is a fuzzy maximal
ideal. The filter case is handled similarly. A

Theorem 4.9. Let B be a Boolean algebra and w a fuzzy ideal (filter) of B. Then pis a
fuzzy maximal ideal (filter) of B if # (1) < 1(u(0) < 1) and

m(ab) = u(a) \/ m(b)(u(at+b) = u(a) \/ p(b)) for all a, bep,

Proof. We prove the ideal case and leave the filter case since the proofs are dual.
Assume first that u is a fuzzy maximal ideal of B. Then y, is a maximal ideal. Hence
by Corollary 3.13 of (Balbes and Dwinger) page 133, we must have 1¢u, and abep, iff
either aeu; or bew;. Thus; w(1) < 1 and u(ab) = w(a) V u(b).

Conversely; Assume that the conditions holds. Then 1 = u(0) = u(aa’) = u(a) v
w(a’). Thus; w(a) = 1 or u(a’) = 1. Now, if u(a) = u(a’) = 1, then u(1) = pn(a+a’) =
r(a) A p(a") = 1, and hence u(1) = 1 which is impossible. Thus, u(a) = 1oru(a’) =1
but not both, and therefore by Theorem 4.8, w is a fuzzy maximal ideal of B. A

Definition 4.10.(Balbes and Dwinger 1974). Let L be a distributive lattice with 0. An
element aeL is pseudocomplemented if there is a largest member a* of L with aa® = 0.

The element a" is called the pseudocomplement of a. A pseudocomplemented
distributive lattice is a distributive lattice with O such that every element has a
pseudocomplement.

The following theorem holds in the class of pseudocomplemented lattices.

Theorem 4.11. Let L be a pseudocomplemented distributive lattice and w is a non —
constant fuzzy subset of L. Then w is a fuzzy maximal filter of L if and only if wis a
fuzzy prime filter and p(a + a*) = 1 VaelL.

Proof. If w is a fuzzy maximal filter of L, then by Theorem 4.4, w is a fuzzy prime
filter. Now; w; is a maximal filter of L, thus by Theorem 2 of (Balbes and Dwinger
1974) page 154, a + a"eu, for all aeL, and hence u(a + a*) = 1. For the converse,
assume that Fis a filter of [ such that u; C F. Suppose that acF and agu,;. Then u(a)
< 1. But as u is a fuzzy prime filter, we have 1 = u(a + a) < u(a) \V/u(a*), and so
m(a™) = 1. Hence a*euy, and so a*e Thus,0 = aa*ep Therefore F= L, A
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