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ABSTRACT. In this paper we stud y fuzzy convex sublattice. fuzzy ideals 
(fil te rs). fuzzy prime ideals. (filters) on a lattice and give a char-acte ri za tion of 
these co ncepts by their level sets. The fuzzy convex sublattices are 
represe nt ed in terms of fuzzy ide~ls and filt ers. Fuzzy maximal idea ls (filters) 
are introduced. and in a special distributive lattices. the fuzzy maximal ide als 
(filters) are characte rized in relation to fuzzy prime ide al s (filters) . 
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1. Introduction 

In (Zadeh 1965) the concept of fuzzy sets was introduced , and Rosenfeld in 
(Rosenfeld 1971) applied the concept to the theory of groups . Since then many papers 
have been written either to introduce a new concept of a fuzzy algebraic structure or 
to prove more results on the known ones. In (Yuan and Wangming 1990) the concept 
of fuzzy ideals in a distributive lattice was introduced. In this paper we study these 
concepts in more detail , we characterize fuzzy prime ideals (filters) via their level sets , 
introduce the concept of fuzzy convex sublacttice and represent it in terms of fuzzy 
ideals and filters , fuzzy analogue of the prime ideal theroem is proved. 

We also introduce the concept of fuzzy maximal ideals (filters) and prove that in a 
general lattice fuzzy maximal ideals (filters) are fuzzy prime ideals (filters) , we also 
show that in a generalized Boolean algebra these two concepts are the same. We 
finally give fuzzy analogue theorems characterizing fuzzy maximal ideals (filters) in 
Boolean algebras and pseudocomplemented distributive lattices. 
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188 Fuzzy Ideals and Fi Iters on Lattices 

Throughout this paper L = < L, + ,. ,0,1 > denotes a lattice with least element 0 
and greatest element 1 and fuzzy subsets of L are maps iJ. :L--7 [0 ,1]. For a, bE [0,1], 
a V b = max{a,b} and a /\ b = min{a,b}. 

2. Convex Fuzzy Sublattices 

Definition 2.1. (Bo and Wangming 1990). A fuzzy subset iJ. of a lattice L is called a 
fuzzy sublattice of L if 

iJ.(x + y) /\ iJ.(xy) ~ iJ.(x) /\ iJ.(y) Vx,y in L. 

Proposition 2.2.(Samhan and AI-Thukair 1992). Let iJ. be a fuzzy subset of L. Then iJ. 
is a fuzzy sublattice of L iff the nonempty cx-Ievel sets iJ.ex = {x in L : iJ.(x) ::::: cx} are 
sublattices of L for each CXE[O,l]. Ll 

Definition 2.3. (Gratzer 1978). A sublattice K of a lattice L is called convex sublattice 
of L if \fa,bEK, \fcEL, if a s c s b, then CEK. 

Defination 2.4. A fuzzy sublattice iJ. of L is called convex iff \fx,y ,z E L, if x s. z s y, 
then iJ.(z) ::::: iJ.(x) /\ iJ.(y). 

Proposition 2.5. Let iJ. be a fuzzy sublattice of L. Then iJ. is convex fuzzy sublattice of 
L iff the nonempty cx- level sets iJ.ex are convex sublattices of L for all CXE[O,l]. 

Proof. Assume first that iJ. is a convex fuzzy sublattice of L. Let x,YEiJ.ex and zEL such 
that x s z s y. Since iJ. is convex, we have iJ.(z)::::: iJ.(x) 1\ iJ.(y) ::::: cx, so z E iJ.ex and iJ.ex is 
a convex sublattice. Conversely; assume iJ.ex is a convex sublattice of L for all CXE[O,l]. 

Let x,y,zEL be such that x s z s y. If iJ.(z) < iJ.(x) /\ iJ.(y) , then there is CXE [0,1] such 
that iJ.(z) < cx < iJ.(x) /\ iJ.(y). Thus, iJ.(x) , iJ.(y) > cx and so x,yEiJ.ex ' By the convexity of 
iJ.ex we have ZEiJ.ex and so iJ.(z) 2: cx a contradiction. Hence iJ.(z) ::::: iJ.(x) /\ iJ.(y) and iJ. is a 
convex fuzzy sublatice of L. Ll 

The proofs of the following two lemmas are straightforward. 

Lemma 2.6.1f iJ. and v are fuzzy subsets of L, then (iJ. n v)ex = iJ.ex n Vex \fcxE[O,l] . 

Lemma 2.7. If {iJ.: iEJ} is a family of convex fuzzy sublattices of L, then so is n iJ.i' 
lEI 

Definition 2.B.(Bo and Wangming 1990). A fuzzy subset iJ. of L is a fuzzy ideal (filter) 
of L if \fx ,YEL , 

http:x,yEiJ.ex
http:x,YEiJ.ex
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(i) /-t is a fuzzy sublattice of L; 

Proposition 2.9. Let /-t be a fuzzy subset of L. Then /-t is a fuzzy ideal (filter) of L iff the 
nonempty (X-level sets /-to: are ideals (filters) of L \f(xE[O,l]. 

Proof. We prove the ideal case, becasue the filter case can be handled in a similar way. 
Assume first that /-t is a fuzzy ideal ofL and (X E[O,l] such that /-to: 1= 0. Let x,yE/-to:' 

Since /-t(x + y) 2: /-t (x) 1\ /-t (y) 2: (X, we have x + yE/-to:' Also, if x :s y and YE!l"n then 
!lex) 2: !ley) 2: (X and so XE!lo:. Hence /-to: is an ideal of L. Conversely; assume /-t o: is an 
ideal of L \f(xE [0,1], /-to: 1= <». Let x, yEL and (X = /-t (x) 1\ /-t (y). Then /-t (x), /-t (y) 2: (X, 

and so x,yE/-to:' Thus, x + yE/-to:, and so /-t (x + y) 2: (X = /-t(x) 1\ /-t (y). Also; if x :s y 
and /-t(Y) = (X, then yE/-tex and so XE/-tex ' Thus; /-t(x) 2: (X = /-t (Y) proving that /-t is a fuzzy 
ideal of L. ~ 

We now characterize convex fuzzy sublattices in terms of fuzzy ideals and fuzzy 
filters. 

Proposition2.lOJf /-t is a fuzzy ideal of L and v is a fuzzy fitter of L with J.l n v 1= <» , 
then /-t n v is a convex fuzzy sublattice of L. 

Proof. By Lemma 2.6, (/-t n V) 0: = /-t ex n V ex , and by Proposition 2.9, !lex is an ideal and 
Vo: is a filter of L. By Lemma 6, page 19 of (Gratzer 1978) we have /-tex n Yo: is a convex 
sublattice of L , and so by Proposition 2.5, /-t n v is a convex fuzzy sublattice of L. ~ 

Theorem 2.11 . If /-t is a convex fuzzy sublattice of L, then there are unique fuzzy ideal 
'Y and fuzzy filter [3 such that /-t = 'Y n [3. 

Proof. By proposition 2.5 , we know that the (X- level sets /-t e< are convex sublattices of 
L, for all (xE[O,l]. By Lemma 6, page 19 of (Gratzer 1978) , there are unique ideals Ao: 

and filters B o: of L such that /-to: = Ao: n Bo:. Note that /-to:1 ~ /-t o:2 if (X l 2: (X2' By the 
construction of A ex and B o:, it is obvious to see that if (XI 2: (X2, then AO: l ~ A 0:2 and Bo:\ 

~ B 0:2' 

We construct fuzzy subsets 'Y and (3 as follows: 

'Y (x) = sup (X 

XEA" 

(3 (x) sup (X 

XEB" 
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Note that for tE[O,1], the level sets 

n A(y, 
a:.,; t 

fJl = 

Hence 'Yl, {31 are ideals, filters respectively. By Proposition 2.9 we conclude that 'Y is a 
fuzzy ideal and fJ is a fuzzy filter. 

It remains to show that 11-= y n fJ. Note that 

11- (x) = sup LX 
XEJ.L(y, 

sup (¥ 

XEA. ns" 

=y(x) /\ f3(x) 

Thus, 11- = Y n fJ· 
To prove uniqueness suppose that 

11- = 0 n P, 

where () is a fuzzy ideal and P is a fuzzy filter. 
For each LXE[O ,1], we have 

where () ex are ideals and Pex are filters. By the uiqueness of this decomposition in 
Lemma 6 of (Gratzer 1978) , we have Oex = A ex and Po: = Bex' 

Now o(x) = 	sup LX sup LX = y(x) 
xEb" XEA" 

P (x) = sup LX 	 = sup LX = f3(x) 
XEP", xdJ", 

This shows uniqueness and concludes the proof. 
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We finsih this section by showing that the fuzzy congruence classes of a fuzzy 
congruence relation of a lattice L are convex fuzzy sublattices. 

By a fuzzy congruence relation on a lattice L we mean a fuzzy relation 
8: L x L -[0,1] satisfying the following conditions 'Vx ,y,z, UEL 

(i) 8 (x,x) = 1; 
(ii) 8 (x,y) = 8 (y,x); 
(iii) 8 (x ,y) 2: 8 (x,z) 1\ 8 (z,y); 
(iv) 8 (x + y,z + u) 2: 8 (x ,z) 1\ 8 (y,u); 
(v) 8 (xy , zu) 2: e (x,z) 1\ 8 (y,u) . 

Definition 2. 12. (Samhan and Al-Thukair 1992). Let L be a lattice, XEL and 8 a fuzzy 
congruence relation on L. The fuzzy congruence class determined by x and 8, denoted 
by x 8 is the fuzzy subset of L defined by 

x8(y) = 8(x,y) 'VYEL. 

Theorem 2.13. With that above notation, x8 is a convex fuzzy sub lattice of L. 

Profl. Let y, zEL. Then 

x8(y + z) = 8(x ,y + z) = 8(x + x,y + z) 
2: 8(x,y) 1\ 8(x,z) = x8(y) 1\ x8(z) . 

Also ; 

x8(yz) = 8(x,yz) = 8(xx,yz) 
2: 8(x,y) 1\ 8(x,z) = x 8(y) 1\ x8(z), 

Finally , if Y :s; u :s; z, then 

8 (xu, u) = 8 (x u, uz) 2: 8(x,z) 1\ 8(u, u) 8(x ,z) . 

so ; 

8 (x ,u) = 8 (u x + x, u + y) 
2: 8 (u x, u) 1\ 8 (x,y) 
2: 8 (x,z) 1\ 8 (x,y) 

Thus; x 8 (u)2: x 8 (z) 1\ x 8 (y) proving that x8 is a convex fuzzy sublattice 
of L. 
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3. Fuzzy Prime Ideals and Filters 

Definition 3.1. Let p.- be a fuzzy ideal (filter) of L. Then p.- is called a fuzzy prime ideal 
(filter) of L if 

(i) p.- is nonconstant , and 

(ii) p.-(xy) ~ p.-(x) V p.-(y) (p.-(x + y) ~ p.-(x) V p.-(y)) YX ,YEL. 

The following theorem gives the relationship between fuzzy prime ideals (filters) 
and their level sets. 

Theorem 3. 2. Let p.- be a nonconstant fuzzy ideal (filter) of L. Then p.- is fuzzy prime 
ideal (filter) of L iff the nonempty (X-level sets p.-o: are prime ideals (filters) of L for 
each (xE[O,lj. 

Proof. We prove the theorem for ideals (the filter case is handled in a similar way). 
Assume first that p.- is a fuzzy prime ideal of Land (XE[O,l] such that p.-o: =1= 0. Let x,YEL 
and XYEp.-o: . Then p.-(x) V ,u(y) ~ p.-(xy) ~ (X and so either ~(x) ~ (X or p.-(y) ~ (X, and 
hence either XEp.-o: or yEp.-o: . Therefore , p.-o: is a prime ideal of L. Conversely ; assume 
that p.- o: is a prime ideal of L Y(xE[O,l], where p.-o: =1= 0. Let x,yEL we will show that 
p.-(xy) ~ p.-(x) Vp.-(y). Suppose in the contrary that p.-(xy) > p.-(x)Vp.-(y). Then there is 
(xE[O,l] such that p.-(xy) > (X > p.-(X) V p.-(y). Thus , xYEp.-o:,and as p.-o: is prime ideal of L 
we must have either XEp.-o: or YEp.-o: , and this imply that either p.-(x) ~ (X or p.-(y) ~ (x . 
But then p.-(x) Vp.-(y) ~ (X a contradiction . ~ 

The following theorem is the fuzzy version of the prime ideal theorem 

Theorem 3.3. Let L be a distributive lattice, f-l is a nonconstant fuzzy ideal and v is a 
nonconstant fuzzy filter of L such that f-l n v = 0. Then there is a fuzzy prime ideal f3 

L such that p.- (;;; f3 and f3 n v = 0. 

Proof. The proof of this theorem is along a similr construction used in the proof of 
Theorem 2.11. For (XE[O,l ],we have p.-o: and Vo: are ideals and filters of L respectively, 
with p.-o: n Vo: = 0. By Theorem 1 of (Balbes and Dwinger 1974), there are prime ideals 
Po: of L such that p.-o: (;;; Po: and Po: n Vo: = 0. Note that p.-o: l (;;; p.-o:2 if (Xl ~ (X2 and by the 
proof of Theorem 1 (Balbes and Dwinger 1974) we have Po: l (;;; Po:2' 

if such Po: existsf SUPXEPo: , 


Define f3(x) = l 0 

otherwise 
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For tE[O ,1] note that 

PI = n Pex , 
a s ! 

hence f3t is a prime ideal which implies that f3 is a fuzzy prime ideal by Theorem 3.2. 

Note that fL(X) = sup (X ~ sup (X (because fL ex ~ Pex ) thus fL(x) ~ /3(x). 
XEfL ex XEfLex 

It remains to show that f3 n v = 0 which is obvious . 

4. Fuzzy Maximal Ideals and Filters 

Definition 4.1. Let fL be a fuzzy ideal (filter) of L. Then IJ. is called a fuzzy maximal 
ideal (filter) if IJ.I = {XE L : lJ.(x) = I} is a maximal ideal (filter) of L. 

Note that if IJ. is a fuzzy maximal ideal (filter) of L, then IJ.(O) = 1 (1J.(1) = 1) . 

Proposition 4.2. If IJ. is a fuzzy maximal ideal (filter) of L and A, is any fuzzy ideal 
(filter) of L such that IJ. ~ A, then either 1J.1 = Al or A = 1. 

Proof. Since 1J.1 is a maximal ideal of L, and Al is an ideal of L with IJ. ~ A, then we 
must have 1J.1 ~ Ai> for if XElJ.l , then 1 = lJ.(x) ~ ,,,(x) , and so XEAI . Hence by 
maximality of IJ.I we must have either 1J.1 = AI or AI = L. 

The filter case is handled similarly . 

The proof of the following theorem is along the lines of Theorem 3.4 in (Malik and 
Mordeson 1991) and so we omit the proof. 

Theorem 4.3. If IJ. is a fuzzy maximal ideal (filter) of L, then I 1m (IJ.) 1= 2. 

Theorem 4.4. If IJ. is a fuzzy maximal ideal (filter) of L, then IJ. is a fuzzy prime ideal 
(filter) of L. 
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Proof. Assume that !1- is a fuzzy maximal ideal of L. Then by Theorem 4.3, we have 1m 
(!1-) = {ex ,l}, ex < l.Now as!1-l is a maximal ideal we have !1-1 is a prime ideal. Let 
x,YEL we must show that 

!1-(xy) ~ !1-(x) V!1-(y) (1) 

If X,YE!1-I, then !1-(x) = !1-(y) = 1 hence (1) holds. 

If X¢!1-b yE !1-[, then !1-(x) V !1-(y) = 1 and (1) holds. 

If X¢!1-1, Y¢!1-1, then XY¢!1-1 and we have !1-(x) = !1-(y) = !1-(xy) = ex, and (1) also holds. 

Therefore !1- is a fuzzy prime ideal of L. The case of fuzzy maximal filter imply fuzzy 
prime filter is handled similarly . 

In Theorem 4.6 we show that converse of Theorem 4.4 is also true in some special 
lattice L , however this is not so in general. 

Definition 4.5. (Balbes and Dwinger 1974). An element xEL is relatively 
complemented if x is complemented in every interval [a, b] which contains x. A 
generalized Boolean algebra is a distributive lattice with 0 and 1 such that every 
element is relatively complemented. 

Theorem 4.6. Let L be a generalized Boolean algebra and !1- is a fuzzy prime ideal of 
L. Then !1- is a fuzzy maximal ideal of L. 

Proof. Since !1- is a fuzzy prime ideal, then by Theorem 3.2, !1-1 is prime ideal and by 
Corollary80f (Balbes and Dwinger 1974) page 69,!1-1 is a maximal ideal. Therefore!1­
is a fuzzy maximal ideal of L. 

Combining Theorems 4.4 and 4.6 we get: 

Corollary 4.?In a Boolean algebra B, the fuzzy maximal ideals are precisely the fuzzy 
prime ideals. 

Theorem 4.8. Let B be Boolean algebra and !1- fuzzy ideal (filter) of B. Then !1- is a 
fuzzy maximal ideal (filter) of B iff !1-(a) = 1 or ~(a') = 1 but not both for all aEB. 

Proof. Assume first that !1- is fuzzy maximal ideal and aEB. Then !1-1 is a maximal ideal 
of B. Hence by exercise 11 of (Balbes and Dwinger 1974) page 69, either aE!1-1 or a'E!1-1 
but not both. Hence either !1-(a) = 1 or ~(a' ) = 1 but not both. 

Conversely; assume that the condition holds . Since j.t is a fuzzy ideal, we haVe!1-1 is an 
ideal and aE!1-1 or a'E!1-1 but not both VaEB. Hence by exercise 11 of (Balbes and 
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Dwinger 1974) page 69, /-Ll must be a maximal ideal. Therefore /-L is a fuzzy maximal 
ideal. The filter case is handled similarly . ~ 

Theorem 4.9. Let B be a Boolean algebra and /-L a fuzzy ideal (filter) of B. Then /-L is a 
fuzzy maximal ideal (filter) of B Iff /-L (1) < l(/-L(O) < 1) and 
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Proof. We prove the ideal case and leave the filter case since the proofs are dual. 
Assume first that /-L is a fuzzy maximal ideal of B. Then /-Ll is a maximal ideal. Hence 
by Corollary 3.13 of (Balbes and Dwinger) page 133 , we must have l~/-Ll and abE/-L1 iff 
either aE/-Ll or bE/-Ll ' Thus ; /-L(1) < 1 and /-L(ab) = /-L(a) V /-L(b). 

Conversely; Assume that the conditions holds. Then 1 = /-L(O) = /-L(aa') = /-L(a) v 
/-L(a') . Thus; /-L(a) = lor /-L(a') = 1. Now, if /-L(a) = /-L(a') = 1, then /-L(1) = /-L(a+a') ~ 
/-L(a) 1\ /-L(a') = 1, and hence /-L(1) = 1 which is impossible. Thus, /-L(a) = lor /-L(a ') = 1 
but not both , and therefore by Theorem 4.8, /-L is a fuzzy maximal ideal of B. ~ 

Definition 4.10.(Balbes and Dwinger 1974). Let L be a distributive lattice with O. An 
element aEL is pseudocomplemented if there is a largest member a* of L with aa* = O. 

The element a* is called the pseudocomplement of a. A pseudocomplemented 
distributive lattice is a distributive lattice with 0 such that every element has a 
pseudocomplement. 

The following theorem holds in the class of pseudocomplemented lattices. 

Theorem 4.11. Let L be a pseudocomplemented distributive lattice and /-L is a non ­
constant fuzzy subset of L. Then /-L is a fuzzy maximal filter of L if and only if /-L is a 
fuzzy prime filter and /-L( a + a*) = 1 'VaEL. 

Proof. If /-L is a fuzzy maximal filter of L , then by Theorem 4.4, /-L is a fuzzy prime 
filter. Now; /-Ll is a maximal filter of L, thus by Theorem 2 of (Balbes and Dwinger 
1974) page 154, a + a*E/-L1 for all aEL, and hence /-L(a + a*) = 1. For the converse, 
assume that F is a filter of L such that /-LI C F. Suppose that aEF and art/-Lj· Then /-L(a) 
< 1. But as /-L is a fuzzy prime filter, we have 1 = /-L(a + a*) ~ /-L(a) V /-L(a*) , and so 
/-L(a*) = 1. Hence a*E/-L1' and so a*EF. Thus,O = aa*EF. Therefore F = L. ~ 
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"'.Y-" diJl w~ - (#1 .ys- ~L;..P~)I ,-i 

4:"'.r-1' ~..rJ' ~/ - 11 to 1~~)I_ rt 00 :":-,, . ~ 


J-.;..lij ~~I ,.::)~~I (Zadeh 1965) dj ~ i..li '" 10 il&. ~ 
~jFI ~~ U~~~j J~I Ih ~ ,.::;l~~"ll If-d ~~ ~~ 

ui~ ~Ij U~I ~~I ~I ~IJ~ ~ Ify. Ih ~ 0~ . ~)2.:JI 
~):-I r)1 o~ i..li ~~ (Rosenfeld 1971) ..llci.;jjJ ~ ~ '" V, il&. ~ 
~ If ~~I ~~\ ~I J~ ~ J~i o~~..li ~~ ~ .~~I 
uL:.\U\ J~ ~ (Yuan and Wangming 1990) ~Ij j 01.)-: ~J.j ~ 

. ~ '~11 uL5:.....:J\ . ~ ~ . • 1\ 
~ ~Jr ~. ~ ~ 

~ U~I u~)1 clJ.15j W}11 u~l11 ~I Ih ~ ~J~ 

o~ 0I.1.~.,..,L.-: i~ \2 .~1o..u ~.r-l\ \.:.A~~ J")\>. \..r' u~ \ 

u~yllj uL:.\UI ~'i~ 41;Jj U~I ~..bJ.I ~):-I u~1 

J~ UL,.;'il-: . 6..)}11 uL:.\l11 ~)2.:J ~~I ~\ ~~~.15 . ~~I 

~i ~ -Gi ~~j U~I .j ~QI?G"l1 u~)Ij uL:.\l11 o~ i~ ~~ 
~L JU-I ~.15j • • J i Jl:o ~ •• -\:.,..i Jl:o 1(" ~ . . ~~ j .. J ~~~ u ~.... ...... 
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J.~ ~I (~~) ~~ J5 ~.r.JIAI J d ~ 12 ,u~~ 
u~l11 ' Q_' ,a-I J..r=J.I ~I i~ \y:>lj ,J.~ ~jl (~J") ~~Y. 

,~i ~ ~j?1 u~lj ~.r.J\A\ J ~~I (u~)I) 


