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ABSTRACr. Let A be an affine plane of even order which admits a representation by 
an affine differe nce set D in an abelian group G (relative to N) , say G = H(t>N. We 
discuss various hyperovals of A related to this representation: (- D+ y) u {"'} is an 
oval with nucleus y (assuming w.l.o.g. D = 2D) . and the sets H + n (n E N) (which 
form a partition of A\("'}) are ovals with common nucleus "'. In case A = AG 
(2,2'), all these ovals are in fact conics (for which we give explicit equations) . In 
particular. the points of AG (2.2')\ {(O,O)} can be partitioned into 2' - 1 conics with 
common nucleus (0 ,0) ; moreover, there are commuting cyclic groups Hand N such 
that H acts regularly on each of these conics whereas N acts regularly on the set of 
all these conics . 

1. Introduction and General Results 

Let G be a group of order n2 
- 1, and let N be a normal subgroup of order 

n - 1. An n-subset D of G is called an affine difference set of order n (relative to 
N) if the following condition holds: 

(1) {d - d': d,d' E D, d *' d'} = G\N, 

i.e. if each 9 E G\N has a unique representation as a difference 9 d - d' for 
suitable d ,d' E D. Then the incidence structure 

dev D = (G,{D+g; 9 E G} ,E) 

is a biaffine plane of order n admitting G as a normal Singer group, cf. Jungnickel 
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(1987a) . If one adjoins to dev 0 a further point 00 and new lines (N+g) U {oo} 
(where g runs over a system of coset representatives of N), one obtains an affine 
plane A = A(O) ; cf. Hoffman (1952). It was proved by Bose (1942) that the 
Oesarguesian affine plane AG (2 ,q) always can be represented in this way , using a 
cyclic affine difference set. Hoffman (1952) was the first author to study cyclic 
affine planes, i.e. affine planes admitting a representation by a cyclic affine 
difference set. In spite of much work, his prime power conjecture (stating that 
cyclic affine difference sets exist only for prime power order) remains still 
unresolved , though it is verified for orders up to 5000 (cf. Ko and Ray-Chaudhuri 
(1981». We mention Arasu and Jungnickel (1988), Jungnickel (1988a ,b) , Ko and 
Ray-Chaudhuri (1981 ,1982) and Pott (1988) as examples of recent work on 
existence conditions for both (cyclic and general) affine difference sets . 

In the present note , G is always assumed to be abelian and n is even. We also 
assume (w.l.o.g.) that 0 is fixed under the "multiplier" 2 (ct. Hoffman (1952», 
i.e. that 0 = 20. Then the sets By = (-O+y) U {y} (y E G) are ovals of the affine 
plane A(O) with common nucleus 00, see Jungnickel (1986, 1987a). (We refer the 
reader to Hirschfeld (1979) or Hughes and Piper (1973) for ovals and hyperovals in 

2(affine or projective) planes). Thus, we obtain n - 1 hyperovals Hy = By U {<Xl} 
through <Xl . (If n is odd, one may still show that the sets (-O+y) U {<Xl } = Cy are 
ovals of A). In the case A = AG(2,2a

) we shall see that the hyperovals Hy are 
regular: more precisely , the ovals Cy are in fact conics . In the odd order case, the 
corresponding result is clear from the theorem of Segre (1955) . Note that always 
the sets - 0 + y induce a biaffine geometry dev (- 0) isomorphic to dev 0; thus 
we may obtain an isomorphic copy of the classical biaffine plane of order q by 
using q2 - 1 conics of AG(2 ,q) from each of which one point is omitted. 

These results are in analogy to the resuls on the geometry of planar difference 
sets (see Beth , Jungnickel and Lenz (1985) for background on difference sets) 
obtained by Jungnickel and Vedder (1984) . If 0 is a planar abelian difference set 
of order n in G, then the sets - 0 + Y (y E G) are ovals of 0 which induce a 
projective plane dev(-O) isomorphic to dev O. In the classical case dev 0 = 

PG(2,q) , these ovals are always conics. Such systems of q2 + q + 1 conics of 
PG(2 ,q) forming an isomorphic plane have found some interest also in studying 
the geometry of GF(q3), see Sherk (1986) . More generally, the connections 
between "divisible semiplanes", "arcs" and "relative difference sets" (of which the 
projective and affine cases discussed above are particular examples) are studied by 
Jungnickel (1987a). 

We now return to the affine case . Thus let 0 = 20 be once again an abelian 
affine difference of even order n in G, relative to N. Since n - 1 and n + 1 are 
coprime , G splits as G = HEBN, where H is the subgroup of order n + 1 of G . 
Recent results of Arasu and Jungnickel (1988) imply that A = A(O) contains 
another class of hyperovals naturally associated with O . In proving a new 
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non-existence result (i. e., that n is divisible by 8 for n "* 2,4 and that there exists a 
Hadamard difference set in N) , a crucial step was the following result : 

For each YEN, the number of elements h E H with (h,y) E D is either exactly 
2 or 0, ct. the proof of Theorem 2 in Arasu and Jungnickel (1988) . This obviously 
implies that I(H+y) n (D+x) I E{0 ,2} for all x E G and all YEN. In other words, 
the cosets H + Y of H are also ovals of A; the tangents of H + yare the new lines 
(N+g) U {oo}, and the nucleus of H + y is 00 . (This result in fact still holds if N is 
abelian but H is non-abelian. However, no examples of this situation are known) . 
We shall see later that the ovals H + yare in fact again conics for A = AG(2,2a 

) . 

We now summarize our discussion: 

1.1. Theorem 

Let D = 2D be an abelian affine difference set of even order n in G = HEBN 
(relative to N) . Then one has the following : 

(i) 	The sets -D + Y (y E G) form a biaffine plane isomorphic to dev D , and 
the sets By = (-D+y) U {y} are ovals of the affine plane A = A(D) with 
common nucleus 00 

(ii) 	The sets H + y (y E N) are n - 1 pairwise disjoint ovals of A with 
common nucleus 00. The group N acts regularly on each of these ovals, 
and the group H acts regularly on the set of all ovals H + y. 

The existence of the ovals described in (ii) seems intuitively a severe 
restriction on A which lends some evidence to the following conjecture: 

1.2 	Conjecture 

Let D be an abelian affine difference set of even order n in G . Then the affine 
plane A = A(D) is Desarguesian and G is cyclic. 

With the purpose of better understanding the geometric situation described in 
Theorem 1.1, we shall now consider the classical case A = AG(2,2a

) and show - as 
already mentioned - that all the ovals encountered from studying affine difference 
sets are then in fact conics . As the work of Sherk (1986) indicates, sets of conics 
with properties similar to those considered here (or in the projective case, cf. 
Jungnickel and Vedder (1984)) may also be of some intrinsic geometric interest. 
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2. The Classical Case 

Let A = AG(2,q) where q = 2a 
. We may represent the points of A by the 

elements of GF(q2). (We assume the reader to be familiar with the basic theory of 
finite fields; e.g. Lidl and Niederreiter (l983).) We can choose an irreducible 
polynomial of the form x2 + x + dover GF(q) to define GF(q2) (since the 
mapping x ~ x2 -x on GF(q) is not injective, for 0 = 02 + 0 = 12 + 1, and thus not 
surjective). Let a be a root of this polynomial, i.e. 

(2) a 2 = a + d . 

We shall use the basis (l,a) of GF(q2) over GF(q); thus the points of A are the 
elements x + ya (x,y E GF(q)). Consider the line L with equation y = 1, i.e. the 
line {x+a : x E GF(q)} , and note that L is fixed under squaring: 

Now the Singer group G of the biaffine plane D A\ {(O,O)} is induced by the 
linear mappings 

Yb : z ~ bz (z E GF(q)) 

for b E GF(q2)* and is, of course, cyclic. If w is a generator of GF(q2)*, we may 
identify the point Wi (i = O, ... ,q2-2) of 0 with the element i E Zq'-l ' Then the 
" exponents" of the elements of L form an affine difference set 0 in Zq'-l which, 
because of (3), is fixed by the multiplier 2. (Note that x + a = Wi implies (x+a)2 = 

2i
W ). 

We now want to compute the coordinates of the points in - 0 relative to the 
basis (1 ,a). Using (2) one checks that 

(x+a)(l +x+a) = x2 + X + d (x E GF(q)); 

thus the inverse of x + a E GF(q2)* is 

x+l(4) (x+a)-I = + 

Hence 

x+l a
(5) -0 ~ {~ + N : x E GF(q)} , 

where N x2 + x + d. Put x+l = )- and 1 Y] and note 
~ '" N 
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l+N 
II + 1 ~-

Thus 

x2+x+d+ 1 2 2
1l(1l+1) = 2 = t, + t,ll + (d+l)ll ,

N 

and thus the point set corresponding to - 0 satisfies the equation 

Note that the origin x = (0,0) also satisfies equation (6). Hence the oval Co 
belonging to - 0 is indeed the conic with equation (6). It is clear, then, that all Cy 

are conics, since they form the orbit of Co under the group G. (In fact, the conics 
in the orbit of the subgroup H == GF(q)* of G are given by the equations d1l 2 + t,2 
+ t,ll + C'Y) = 0, C E GF(q)*. We omit determining the equations for the remaining 
conics). Thus we have proved: 

2.1 Theorem 

Let A = AG(2,q) where q is even. Then A can be represented by a cyclic 
affine difference set 0 fixed under the multiplier 2 for which the oval Co = - 0 U 
{oo} is the conic with equation (6) . 

We note that Theorem 2.1 remains in fact true for every field of characteristic 
2 which admits field extensions of degree 2 . A similar discussion is possible for 
fields of characteristic =1= 2. In view of Segre's Theorem, however, this is only 
interesting in the infinite case . We have therefore preferred to only give the case of 
characteristic 2. 

We now turn our attention to the subgroup H of order q + 1 of GF(q2)*. In 
order to conveniently represent H, we have to exercise a little more care in 
choosing the irreducible polynomial x2 + x +d. In fact , we want the root a of this 
polynomial to have order a multiple of q + 1 in GF(q2)* . It is possible to choose a 
primitive polynomial of the form x2+x+d over GF(q); i .e .. its root a has order 
q2_1 in GF(q2)*. This is a special case of a considerably more general result of 
Jungnickel and Vanstone (1988). We remark in passing that the existence of some 
primitive polynomial of degree 2 over GF(q) together with a result of Jungnickel 
(1987b) could be used to give an elementary proof for the existence of a 
polynomial x2+x+d with root a which has order a multiple of q+l. 

Using an irreducible polynomial of either of the types discussed above, we can 
easily represent H ; If o(a) = c(q+1), then H = <ac> = <aq 

-
1>, since c divides 

q - 1 and since IHI = q + 1 and (0-1 )/c are coprime. We shall now show that H is a 
conic of A. 
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As 0'4 is the second root of x2 + x + d = O. we have 0'4 = 1 + a and thus 

= ~4 - I = 1 + l.- = d + I a h{3 ~ a d + d; t e last equality holds as (0'+ l)d = 

(d+ 1+0')0' by (2). Hence 

(7) H = {l,{3, ... , {34} = {(d~I + ~Y: i = O, ... ,q}. 

We now claim that H is the conic with equation 

(8) ~2 + d'Y]2 + ~'Y] = 1. 

Clearly, 1 = 1 + 00' satisfies (8). In view of (7) it is therefore sufficient to prove 
that (8) holds for 

~' + 'Y]'o' = (~+'Y]O'){3 = (~ + ~ +'Y]) + ('Y] + ~)o' 

whenever it holds for ~ + 'Y]o'. This is easily checked. Obviously then the cosets of 
H are just the conics with equations 

(9) ~2 + d'Y]2 + ~'Y] = c (c E GF(q)*). 

Thus we have the following result: 

2.2 Theorem 

Let A = AG(2,q), where q is even. Then the conics with equations (9) are 
pairwise disjoint and have the same nucleus (i.e .. the origin (0,0)). Moreover , A 
admits a representation by a cyclic affine difference set in G = HEBN such that the 
following holds: 

(i) The conics with equation (9) are the cosets of H in G. 
(ii) H acts regularly on each conic given by (9). 

(iii) N acts regularly on the set of q - 1 conics given by (9). 
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