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ABSTRACT. We obtain a general theorem on the location of null-sets of certain types 
of abstract polynomials in vector spaces of arbitrary dimension (finite , or otherwise). 
This theorem generalizes Walsh's two-circle theorem concerning the critical points of 
rational functions of the form fig, where f and g are complex-valued polynomials of 
the same degree; and it offe rs an extension of Laguerre's theorem on polar
derivatives . 

1. Introduction 

Let C represent the field of complex numbers, identified as complex plane, and 
let D(C) denote the family of all classical circular regions (briefly, c. r.) in C, i. e., 
all open (or closed) connected subsets of the complex plane whose boundary is a 
circle or a straight line (including the empty set <I> and the whole plane C). We 
denote by ltn (C) the class of all polynomials f: C -+ C of degree n and by Z(f) the 
set of all zeros of f E ltn (C). Given 1; E C and a polynomial f E ltn (C), we define, 
Marden (1966), the polar-derivative f(1;,.) of f with pole 1; to be the polynomial 

(1.1) f1 (z) == f1 (1;,z) = nf(z) - (z - 1;) f' (z). 

The present paper rallies around the following two well known results of 
Walsh (1921) and Laguerre (1898) stated as Theorems (20,1) and (13,1) In 

Marden (1966). 

Theorem 1.1 

Let Bi == B(Ci, ri) denote the closed disk with centerci and radius ri, i= I ,2. If 
f E ltn (C) and g E ltm(C) such that Z(f) C;;;; B1 and Z(g) C;;;; B2 , then all finite zeros of 
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the derivative of fig lie in the set: 

(a) Bo U B) U B2 , where Bo == B(c,r) and 

c = (mc i - nez) I (m-n), r = (mr) + nr2) I (m-n), 

provided m =I=- n; 

(b) B) U B2 , provided m n . 

Theorem 1.2 

If f E 3tn (C) and C E D(C) such that Z(f) b C, then Z(f)) ~ C for all ~ i C, 
where fl(z) == f)(tz) is the polar-derivative of f defined by (1.1). 

Section 2 contains the most relevant details about generalized circular 
regions, abstract polynomials and their pseudo-derivatives in the set up of vector 
spaces of arbitrary dimension. These concepts are utilized in Section 3 to obtain a 
general result, whose complex plane versions yield Walsh's Theorem (1.1) (b) 
and a new result that extends Laguerre's Theorem 1.2 to a more general type of 
polar-derivatives. The corresponding generalization of Theorem 1.1 (a) is in 
Zaheer and Khan (1980). 

2. Preliminaries 

Throughout the paper we let K = Ko(i) = {z: z = a + ib; a,b E Ko}, -i2 = 1, 
represent an (arbitrary) algebraically closed field of characteristic zero, with Ko as 
a maximal ordered subfield of K (see Bourbaki 1952, Hormander 1954 and 
Waerden 1964), so that Ko = R, the field of reals, when K = C. We write Ko+ for 
the set of all non-negative elements of Ko. The definition of z, Re z, 1m z and Izl 
for elements z E K and the notion of Ko-convexity for subsets of K automatically 
come from the corresponding notions in C (by replacing the role of R by Ko). 
Similarly, the idea of homographic transformations of the projective field Koo == 
KU {oo}, where 00 has the properties of scalar infinity, is an immediate extension 
of that of linear fractional transformations of Coo. We denote by O(Koo) the family 
of all generalized circular regions (briefly, g. c. r.) of Koo, a concept originally due 
to Zervos (see Zervos 1960), built upon the concepts of homographic transforma
tions and Ko- convexity (see Zaheer and Alam 1980). The sets </>, K, Koo , {x} and 
Koo- {x}, for x E K, are trivial members of O(Koo). 

The following results are due to Zervos (see Zervos 1960 and Zaheer and 
Alam 1980). 
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Proposition 2.1 

Every nontrivial member of O(C",) is the open interior (or exterior) of a 
circle or an open half-plane, adjoined with a connected subset (possibly empty) of 
its boundary. So that the open or closed member of o (C",), restricted to C, form 
the family D(C) of c.r. 's in C. 

Proposition 2.2 

Every homographic transformation permutes O(Koo) . 

For full details about K and O(K",,) the reader may consult Zaheer and Alam 
(1980). 

In the sequel, we let E denote a vector space over K of arbitrary dimension 
and write Ew == EU {w}, where w has the properties of vector infinity. Also we 
denote by O*(Ew) the family of all supergeneralized circular regions of E w as 
defined below, a concept introduced by Zaheer (1988). 

Definition 2.3 

Given S~Ew, we write 

(2.1) Gs(x,y) {p E Koo: x + py E S} v x,y E E . 

We say that S E 0* (Ew) if Gs(x,y) E O(Koo) for all x,y E E . 

Clearly, <1>, E, E w, singletons {x} (and their complements in Ew) are trivial 
members of 0* (Ew)' Since Gs(x,O) is K or <I> according as XES or xiS (cf. 
properties of wand 00), we have 

00 E Gs(x,O) E O(Koo) VXEE 

and 

(2.2) 00 E Gs(x,y) v X E E, y E E - {a} __ w E S. 

Consequently, 

(2.3) S E O*(Ew) -- Gs(x,y) E O(Koo) v X E E , y E E - {O}. 
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Remark 2.4 

(I) In case E = K, we may use ill and co interchangeably. (II) Some 
interesting properties and examples of nontrivial members of D*(Ew) have 
already been discussed in Zaheer (1988). 

Proposition 2.5 

If S € D(Kw) then S € D*(Kw). 

Proof. Here E = K and we write ill == co. If S € D(Kw) then Gs(x,y) = f(S) € 

D(K.,) for all x,y € E (y*O), where f(o) = (o-x)/y (for 0 € K.,) is a homographic 
transformation of K.,. Hence S € D*(Kw) by (2 .3). 

The family nn(E,K) of all abstract polynomials (briefly, a.p.) of degree n, n 
~ 1, from E to K is defined (see Zaheer 1982, Taylor 1938, Hille and Phillips 
1957) in the following way: We say that P € nn(E,K) if P: E ~ K such that, for 
each x,y € E, 

(2.4) P(x + py) v P € K, 
k=O 

where Ak(x,y) € K are independent of p and An(x,y) =t= O. We then define the 
nu/J-set and the faithful-set of P respectively by 

Z(P) = {x € E: P(x) = O} 

and 

F(P) = {h € E: h * 0; An(O,h) * O}. 

Next, given an a.p. P € nn(E,K) via (2 .4) and an element h € F(P) [F(P) * <p as 
shown in Zaheer 1982, Relation (2.3)], we define the kth pseudo-derivative p~k) 
of P (relative to h) to be the mapping p~k): E ~ K given by 

(2.5) v X € E. 

First few members are denoted by P~, P'~, etc. If P € nn(E,K) is given by (2.4) and 
h € F(P), we know (see Zaheer 1982, Proposition 2.3 and Remark 2.4) that p~k) € 

nn-k (E,K), that 

(2.6) Vk 
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and (see Zaheer 1982, equation (2.7» that 

n 

(2.7) p~k) (x + ph) = ~ j(j - 1) ... (j - k + 1) Aj(x,h)pj-k. 
j=k 

Further details (including precise references) about the above material on 
a.p.'s can be found in Zaheer 1982, Section 2. 

The following theorem will be needed in the sequel. It simultaneously 
generalizes Lucas' theorem (see Marden 1966, theorem (6.1)'), Zervos' theorem 
(see Zervos 1960, theorem 4, p. 360) and a result due to Zaheer (see Zaheer 1982, 
theorem 3.4). 

Theorem 2.6 

(Zaheer 1988, Theorem 3.3) . IfP E :rtn(E,K) and S E O*(Ew) such that w t S 
and Z(P) ~ S, then Z(p~k» C S V h E F(P), k = 1,2, .. . , n-1. 

3. Principal Results 

In order to avoid unnecessary trivialities, we consider only a.p. 's of degree at 
least one. Two a.p.'s P,Q are called faithful if their faithful-sets are not disjoint, 
i.e., 

(3.1) F(P,Q) F(p)nF(Q) "* cpoEO 

For example (cf.(2.6» every pair from the collection {P, P~, pl~, ... , p~n-l)} is 
faithful. Other examples of such polynomials (not related to the same P) have 
been dealt with in Zaheer 1988. In case E = K, see Remark 3.5 (II) for another 
example . Given faithful a .p.'s P E :rtn(E,K), Q E :rtm(E,K) and a scalar A. E K 
{O}, we observe that A. P E :rtn(E,K), PQ E :rtn+m(E,K) and P ± Q E :rtN(E,K), 
where N .;;; max {m,n}. 

Definition (3.1) 

Given faithful a.p.'s P E :rtn(E,K), Q E :rtm(E,K) and scalars !-l, v E K - {O}, 
we define for each h E F(P,Q) (cf. (3.1» an a.p. R: E _ K by 

(3.2) R = !-l P Q~ + v Q P~ 

Remark (3 .2) 

We observe that R E :rtN(E,K), where N.;;; m + n-1, and that N = m+n-1 if 
and only if !-lm + vn "* O. This is based on the following argument: Let P be 
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represented by (2.4) and Q by 

m 

(3.3) Q(x + py) = E Bk(X,y)pk VpEK. 
k=O 

Then (cf.(2.7» for each h E F(P,Q), we have 

m 

(3.4) Q~k) (x + ph) = E j(j-l) ... (j-k + 1) Bj(x,h)pj-k 
j=k 

and 

R(x + ph) IlP(x + ph) Q~ (x + ph) + v Q(x + ph) P~ (x+ph) 

m+n-l 

= E Ck(x,h) pk, say. 
k=O 

A simple calculation yields (cf. (2.4), (2.7), (3.3), (3.4» 

Since h E F(P,Q), we conclude that An(x,h) == An (O,h) *" 0 and Bm(x,h) = 

Bm(O,h) *" 0 for all x E E (see Zaheer 1982, p. 840), and that 

Cm+ n- l(x,h) == Cm+ n- 1(0,h) *" 0 ~ Ilm + vn *" O. 

Hence, 

R E Jtm+ n-l(E,K) ~ Ilm + vn *" O. 

We now state and prove the main theorem which tells us about the location 
of the null-set Z(R) of the a.p. R in Definition 3.1 in the case when Ilm + vn = 0 
(i.e. when degree of R is less than m+n-1 (cf. Remark (3.2». The analogous 
problem for R in case Ilm + vn *" 0 (i.e. when R E Jtm+ n-l(E,K» has already been 
done by the authors and would appear elsewhere (see AI-Rashed and Zaheer 
1989 and Zaheer and Khan 1980). The analysis and treatment therein neither 
apply nor carryover to the case at hand. 

Theorem 3.3. 

Let P,Q,R be as in Definition 3.1, with Ilm + vn = O. lfS l , S2 ED*(Ew), with 
W,. SI US2 and SI nS2 = <1>, such that Z(P)~Sl and Z(Q)~S2' then Z(R)~SlUS2 V 
h E F(P,Q). 
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Proof. On the contrary , suppose that R(x) = 0 for some x I St US2 and for 
some h E F(P ,Q). Then 

f.tP(x) 	 Q~(x) + vQ(x)P~(x) = O. 

Observe that P(x)Q(x) =1= 0 by choice of x and that P~(x) Q~(x) =1= 0 due to the fact 
that Z(P~) ~ St and Z(Q~) ~ S2 by Theorem 2.6. Therefore 

(3 .5) f.tQ~(x) / Q(x) + vP~(x) / P(x) = O. 

If P and Q are given by (2.4) and (3 .3) then (since K is algebraically closed) we 
may write 

n 	 n 

P(x + ph) I: Akpk An n (p - Pj) v P E K , 
k=O j=l 

m 	 m 

Q(x + ph) I: BkPk Bm n (p-Oj) V pEK,
k=O j=l 

where Ak == Ak(x,h) , Bk == Bk(x,h), Pj == pix,h) , OJ == oj(x,h) and (as noticed in 
Remark 3.2) An == An(x ,h) = An(O,h) =1= 0 and Bm == Bm(x ,h) = Bm(O,h) =1= O. Put 
G j = Gs,(x,h) for i = 1,2 (cf. Definition 2.3) . Since P(x + pjh) = 0 = Q (x + ojh), 
the hypotheses on P ,Q and Sj imply that Pj ' OJ =1= 0 , 00 (since x,w I Sl US2) and that 
0, I G j E D(Koo) for i = 1,2. Obviously, Pj E G l and OJ E G 2. It is known (see00 

Zaheer 1982, Equation (3.1), p. 844) that 

n 	 m 

P~(x) / P(x) I: lIPj' Q~(x) / Q(x) = I: lIoj. 
j=l 	 j=l 

Hence (3 .5) gives 

m m 

(3.6) f.tI: lIoj + v I: 1/Pj = O.
j=l j=1 

Since 0 I G j E D(Koo), the definition of D(K~) says that Bo(Gj) is a Ko-convex 
subset of K (i = 1,2), where 8o(p) =1= 1/p for P E Koo. Since 8o(pj) = lIpj E 80(G l) 
and 8o(oj) = lIoj E 80 (G2), this fact yields the following : 

n 

(lin) I: lIpj = lip E Bo(G1) for some pEG},
j=l 

m 

(11m) 	 I: lIOj

j=l 
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Note that here p,o =I=- 0,00. Now (3.6) gives !-tmlo + vnJp = O. But m,n ;;;. 1 and !-t, v 
=I=- 0 with !-tm + vn = O. Hence !-tm (p-o) = O. That is, p = 0 EGt nG2 and so x + 
ph = x + oh EStnS2' This contradicts the hypothesis that SlnS2 = <1>. The proof 
is now complete. 

Given faithful a.p.'s P E l'tn(E,K) and Q El'tm(E,K), we define the formal 
pseudo-derivative (relative to h) of the quotient P/Q by 

(P/Q)~ = (QP~ _ PQ~)/Q2 V h E F(P,Q). 

The domain of P/Q being E-Z(Q). The zeros of QP~ - PQ~ which are not the 
zeros of Q will be termed as the finite zeros of (P/Q)~. In Theorem 3.3 if we take 
-!-t = v = 1 and m = n, then R = QP~ - PQ~ and we get the following result. 

Corollary 3.4 

Let P,Q, l'tn(E,K) be faithful. lfSt , S2ED*(E",), with w,i SI US2 and SlnS2 = 

<1>, such that Z(P)~Sl and Z(Q)~S2' then the finite zeros of the formal 
pseudo-derivative of the quotient P/Q (relative to h) lie in SI US2 for all h E 
F(P,Q). 

In order to obtain the field-analogues of the above results, we explain some 
notations and terminology. Let 1tn(K), n ;;;. 1, be the class of all nth degree 
polynomials f: K ~ K, given by 

fez) = L 
n 

akzk, ak E K and an =I=- 0, 
k=O 

and denote by f' the formal derivative of f (see Zaheer 1982, p. 842). Given f E 
l'tn(K) and g E l'tm(K), define the type-m polar-derivative fg of f (relative to g) by 

(3.7) fg(z) = n fez) g'(z) - mg(z) f'(z). 

Note that the polar-derivative fl (~,z) of f (d. (1.1» is essentially a type-l 
polar-derivative of f when g(z) = z-t 

Remark 3.5 
.. 

When E = K, we record the following facts: 

(I) As discussed in Zaheer 1982, Remark 2.4 (Ill), we see that l'tn(K) 
l'tn(K,K) for n ;;;. 1, that F(f) = K - {O} for all f El'tn(K), and that f~(z) = hf' (z) for 
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all Z E K, h E K - {O} and f E :7tn (K). That is, when h = 1, the pseudo-derivative f~ 
becomes the formal derivative f'. Furthermore, when K = C, it coincides with the 
familiar derivative in calculus. 

(II) By the above remark 

F(f,g) = F(f)i\F(g) = K- {O} -=1= <I> 

for all f E :7tn (K) and g E :7tm (K). That is, every pair of polynomials from K to K is 

faithful. 

(III) If !A. = n, v = -m, f E :7tn (K) and g E :7t m (K) , we see (cf. Remarks (I) and 
(II» that the polynomial R of Theorem 3.3, with P = f, Q = g and h = 1, is given 

by 

R = nfg' - mgf' = fg 

That is, R becomes a type-m polar-derivative of f. Furthermore, when g(z) = z 
~ (~ E K), R becomes the polar-derivative of f. 

(IV) Similarly, if f,g E :7tn (K), the formal pseudo-derivative of P/Q (with P = 
f, Q = g and h = 1) in corollary 3.4 is given by 

(P/Q)~ = (gf' - fg')/g2 = (fig)' 

That is, it coincides with the formal derivative of fig and, for K = C, it reduces to 
the usual derivative of fig via calculus. 

(V) Let B == B(c,r) denote the closed ball in K with center c E K and radius r 
E 1<.0+. Obviously, 00 I- B. It is known (see Zaheer and Alam 1980, p . 116) that B E 

D(K,,). Consequently, B E D*(Kw), wI- B, by Remark 2.4(1) and Proposition 2.5. 

In view of the above remarks, we deduce the following results. 

Theorem 3.6 

Let f,g E :7t n (K) and C(, C2 E D(Kw) such that wI- C 1UCz and C 1i\C2 = <1>. If 
Z(f)~Cl and Z(g)~C2' then the finite zeros of the formal derivative of fig lie in 
C 1UCz. In particular, C 1 and Cz may be taken as closed balls in K. 

Proof. The proof follows from Proposition 2.5, Corollary 3.4 and Remarks 
3.5 (I), (IV) and (V). 
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For K = C, the above theorem furnishes an improved form of Walsh's 
Theorem 1.1 (b), in the sense that closed disks form a proper subfamily of D(Cw ) 

as seen in Proposition 2.1. 

Theorem 3.7 

Given f E Jtn(K) , g E Jtm(K), let fg(z) be the type-m polar-derivative of f 
relative to g defined by (3.7). ]fCJ, Cz E D(Kw), with w t C 1UC2 and C 1nC2 = <», 
such that Z(f)sC I and Z(g)sCz, then 

Proof. Theorem 3.3, Proposition 2.5 and Remark 3.5 (III) combine to yield 
the desired result. 

The last theorem provides a new result on the zeros of type-m polar
derivatives of polynomials f E Jtn(K) for m ~ 1, whereas Laguerre's Theorem 1.2 
as well as its generalization to the field K (see Zervos 1960, Corollary 2.8) deals 
with type-l polar-derivatives only. 
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.t:i~.J ~ ',.,J ~;a.; Y' 

.).J~' ~'.# .;lA...Pf ~.,.~ 


~Y'-' ~\ w~ - ~~\ ~ - v'I..z..P\...)\ ~ 


~~~\ ~~\ ~\ _ \ \ to \ ..}:>\...)\ ('I to 0) ,-:",. ~ 


~L..lI WW D (C) -;-!J ~)I .:ll..l.&-\.}I J'd- C -;-! _ ~I 1.lA ~ - jAj 

~::, J 4) C LS.,:-ll ,J'> ~.rl:-I ~u.~1 cll.; t.f>J ~..y;dl ~';I..LJI 

~~J (~Jf) ~fo (.)~J (.J...,~ C LS.,...:-lIJ <l> ~l3-1 ~~I 

:rtn (C) -;-! ~JS jAj ..... )- 4.kyh>- Jf ';IJ.:l ,y- O.J~ LA.:lJ...l>- (.)f Jl ~L.Pl 
u.~ Z (f) -;-!J , n ~.J..LJI ,J'> f: C- C .:lJ..L.J-1 ~I~~ u...a.J 

. f E:rtn (C) .ullu ,,:~I 

o~ y.~ 1; ~I...l:s- fE:rtn(C) .ullu d l (1; , .) ,~I ~I w~ 
: ~\.:JI .:lJ~1 

f\ (z) == f\ (1; ,z) = n f (z) - (z - 1;) f ' (z) 

~..,..JI..LJI ~)a..; c/'J JJ\.}I : ~L:.l1 ~)a:J1 ~~~ 

L;~ gJ f ~ fig ~~ 4:-J1 JIJ.ll.l ~rl .kU:J~ t=-rJ 'JJI) 

t=-rJ o.J~I~)I ~)a..; c/'J ~\!JI . ~.J..ul ~ ,J'> ~J'" .:lJ...L>

• ~ 1 ~l4::...!.l~ 

: (~'.J) J}JI ~)a:J1 

~ ,ri o)a...i ~J Ci ojsy--A ,-?jJl ~I ~yill Bi == B (Ci ,r) ~ 

(.)}i , Z (g) k: B2 J Z (f) k: BI ~ ,f, g E:rtn (C) (.)\.:JIl!1 ~IS 1::'1 . i = 1 ,2 

. B\ U B2 ~.J-~.J I ~ fig .u1l!1 ~~I .JlA...,.:,)l1 ~ 
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: CrJ'Y) 4 W1 ~)a:J1 

~}.J ,Z (f) ~ E ," "~ ,E E D (C) ~L.SJ f E Ttn (C) UI.LlI...:...;L.S I~l 

f Ullu d"Ob ;;lI ~I '-:I" fl (z) = fl (~ ,z) ~t ~ ,~i c ~ Z (f1) ~ E 
~ 

o~L.. ~I ~J":oll ~ 

:.r ~e~)I ~~I~~~I~.ro ~..,.JI ~II.J".)~ 

~) ~.)~~I ~~)l1 ~I~ ~I ~1~L.aAJ1 ~ ~--4~1 ~J...lJ-1 ~I# 

K ~ ,~..b..:J1 ~J j&- oo~f ~)a.:JI"% cll~ ~ (~~Jf 
~ ~ ~ ~ 

Jy!S ..L:.:-lJJ ,K J..,.J ,<.S.)~I ~ I~ ,~ ;Wz.; E J lilA..o L~~ 
... ... .. 11- ~ 

oIJ., V E K- { 0 } W:loWIJ Q E Ttm(E , K) J P E Ttn(E. K) ~--4~1 ~J...lJ-1 

~--4.ri- ~J..L>- o.r-s F (P • Q) o~1 U.~I ~ h JS ~f :.r ,w~ 
: ~~I.,.-.:JI j&- R : E -- K 

R = IJ. P Q~ + V Q P~ 

uWI ~;I..ul J1L:.l1 4.&.~ ~~ S2, Sl ~\SJ IJ. m + V n = 0 ~\S 1~1 

,Z(Q) ~ S2J Z(P) ~ SIJ Sl n S2 = <j>J WiSI U S2 ~ 0 ·(Ew ) \. "Q _"II 

o F(P • Q) :.r h JS ~r :.r IJ'-J Z (R) ~ Sl U S2 ~}j 

http:I~~~I~.ro

