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AUSTRACT. LeI (X,,) be a lopological space and leI we,) be Ihe sel of all lower 
s(;mi-COnlinuQus functions defined from X into the d osed unit interval (O.II. We 

prove Ihe following resul! in Ihis paper: 

If (X;.,;):iel) is a colleelion o f lopo logical spaces, Ihen w(11 ';) = Ilw(,;) . 

We introduce some fuzzy separation axioms and then we study their hereditary 

and productive properties . We also study the relation between spaces having the 

fixed po inl pro perl y and fuzzy co nnecled spaces. 

1. Introduction 

Zadeh (1965) introduced the notion of fuzzy set in X as a function A from X into 
the closed unit interval [0, I] . Then a quasi-fuzzy topology on X was introduced by 
Chang (1968) as a collection of fuzzy sets on X, stable for arbitrary suprema and 
finite infima and containing the constant fuzzy sets °and 1. A fuzzy topology on X 
as introduced by Lowen (1976) is a quasi fuzzy topology which moreover contains 
all constant fuzzy sets. The concept of induced fuzzy topological spaces was 
introduced by Weiss (1975). Since then many authors have continued the 
investigation of such spaces and much attention has been given to the extension of 
the separation notions to fuzzy topological spaces. 

Let A, !..I. be two fuzzy sets in' X , i.e. A, !..I. E [0,1 r. We write A t;;;; !..I. iff A(X) :s; !..I.(x) 

for all XE X. By A = I..l we mean that A t;;;; !..I. and !..I. t;;;; A; i.e., A(X) = I..l(x) for all XE X. 
If {Ai : iE I} is a collection of fuzzy sets in X, then we define . 

(UAi) (x) sup {Ai(X) iEIL XEX; and 


("Ai) (x) inf {Ai(X) iEIL XEX. 
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Let r denote the fuzzy set given by rex) = r for all XE X, where 0 S r S 1; i.e. r 
denotes the "constant" fuzzy set at level r. The complement A' of a fuzzy set Aon X 
is given by A'(X) = 1 - A(X), XE X. If A \: X, then XA denotes the characteristic 
function of A. A fuzzy set A is called crisp iff A(X) E {0,1} for all XE X. If (X;!) is an 
ordinary topological space then two quasi-fuzzy topologies on X are associated 
with T, namely: 

(i) the class of all lower semicontinuous functions between (X,T) and ([0,1]' 
Tu) with Tu the usual topology on [0 , 1]. This fuzzy topology is denoted- by WeT) . 

(ii) the class of all characteristic functions of T-open sets in X. This 
quasi-fuzzy topology is denoted by XIT. 

The closure clf... (or A) and the interior int A(or A 0) of a fuzzy set A in a (quasi) fuzzy 
topological space (we write (q)fts for short) (x,f) are defined by 

A n {WIL' E f and A \: IL} 

In this paper we shall follow Wong (1974) for the definitions of: fuzzy point, a 
basis and a subbasis for a (quasi) fuzzy topological space, the direct and the inverse 
images of a fuzzy set, the product (quasi) fuzzy topology and fuzzy continuous 
mapping. For instance, a fuzzy point p in a set X is a fuzzy set in X given by p(x) = 

t for x = xp (0 < t < 1) and p(x) = 0 for x =1= xp. XpE X is called the support of p and 
p(xp) = t the value (level) of p . However, we shall agree that a fuzzy crisp point q 
in X is a fuzzy set in X given by q(x) = 1 for x = Xq and q(x) = 0 for x =1= x<.j . We 
shall follow Srivastava, et al. (1981) for the definition of 'belonging to'. Namely: A 
fuzzy point p in X is said to belong to fuzzy set A in X (notation: pEA) iff p(xp) < 
A(Xp) . Finally, two fuzzy points p and q are said to be distinct iff their supports are 
distinct, i.e., xp =1= xq. 

1. 1 Definition 

Let f:(X,fl) - (Y,f2) be a function from a fts (X,fl) to a fts (Y,f2). The 
function f is a fuzzy continuous iff the inverse image of every frOpen fuzzy set in Y 
is fl-open or, equivalently, iff the inverse image of every frclosed fuzzy set in Y is 
fl-c1osed. The function f is fuzzy open (fuzzy closed) iff the direct image of every 
(fl-open) (fl-c1osed) fuzzy set in X is fropen (frclosed). The function f is fuzzy 
homeomorphism iff f is bijective, continuous and open. 
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1.2 Definition 

Let (X,[) be a fts and A ~ X. Then the family [A = {AIA:AE[}is a fuzzy 
topology on A, where AlA = AnXA is the restriction of A to A. Then (A,[A) is 
called the fuzzy subspace of the fts X with underlying set A . 

It is easy to see that a fuzzy set Il in A is fuzzy closed in A iff there exists a 
fuzzy closed set A in X such that Il = AlA . 

I .3 	 Definition 

. A fuzzy topological property P is called hereditary (weakly hereditary, 
hereditary with respect to open subspaces), iff each subspace (closed subspace , 
open subspace) of a fts with property P also has property P . 

I .4 Definition 

Let {(XC('[ex) : (xE 6) be a family of non-empty fuzzy topological spaces. Let X 
= n Xex be the usual product of Xex 's and Pex be the projection from X to XC( . The 
fuzzy topology generated by 1i' = {P.;I(Aex) : AexE[ex, (xE6) as subbasis is 
called the product fuzzy topology in X . Clearly if A is a basic element in 
the product topology, then there exist (Xl> (X2, ... , (XnE 6 such that 

1,2, ... ,n} for each xA(X) 

The fuzzy product topology of (Xex , [ex), (xE6, will be denoted by (nxex, n [ex). IfA" 
is a fuzzy set in X" and x = (XC()",€6 E X then we define 

It is clear that the collection of all fuzzy sets of the form nA,,; where A" E ['" for each 
(xE 6 and for all but finitely many coordinates A", = I ,,; forms a base for the fuzzy 
product topology . . 

Now we prove the following elementary results as we shall use them in the 
sequel. 

1.5 Lemma 

Let f: (X,[I) ~ (Y,[2) be a function and Il a fuzzy set in Y. Then 
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Proof 

Straightforward . 

1.6 Theorem 

Let (X,ll) and (Y,l2) be two topological spaces. Then f : (X,ll) ~ (Y,l2) is 
continuous if and only if f : (X,<.o(ll» ~ (Y,<.o(l2» is fuzzy continuous. 

Proof 

(~) Let f..I.E<.o(l2) and a E[O,l]. Then (f-1(f..I.»-1 (a,l] = f-l(f..I.-l(a,l]) El 
because f : (X,ll) ~ (Y,l2) is continuous and f..I.-\a,l] H2. 

(-) Let U E l2. Then Xu E <.o(l2) and hence 

1.7 Theorem 

Let (X,lJ) and (Y,l2) be two topological spaces. Then f : (X,ll) ~ (Y ,l2) is 
continuous if and only if f : (X,XllJ) ~ (Y,Yll2) is fuzzy continuous. 

Proof 

Straightforward. 

1.8 Theorem 

Let (X,l) be a topological space and A <;;; X. Then <.o(lA) = <.o(l)A .provided 
that A E l. 

Proof 

Let AE <.o(lA). Then A : (A,lA) ~ [0,1] is a lower semicontinuous function. 
Define f..I. : (X,l) ~ [0,1] by f..I.(x) = A(x) if XE A and f..I.(x) = °if XE X-A.Then f..I.- 1 

(a,1)] =1.. -I (a, 1] E lA <;;; l for all a E [0 ,1]. Therefore f..I. E <.o("t). Notice that A.E <.o("t)A 
because 1..= f..I. n XA . Consequently, we have proved that <.o(lA) <;;; <.o(l)A . To prove 
the other inclusion, let AE <.o(l)A. Then there exists f..I.E <.o(l) such that A = f..I. n XA . 
Notice that if x i A, then A(x) = 0. So we may regard Aas a function from (A,lA) 
into [0,1]. Notice that for any a E [0,1] we have A-I (a,l] = f..I.- 1 (a,I)] n A E "A. 
Consequently AE <.o(lA). 

2. Fuzzy Separation Axioms 

Several authors have introduced different definitions of separation properties 
for fuzzy topologies (see, e.g. Hutton (1975) and (1977), Hutton and Reilly 
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(1980), Ming and Ming (1980a) and Srivastava, et al. (1981». The Hausdorff 
axiom has had a hard life in fuzzy set theory since many authors have proposed 
different definitions (e.g. Ming and Ming (1980a) , Sarkar (1981) and Wong 
(1974» . 

2 .1 Definition 

A (quasi) fuzzy topological space (X,[) is said to be 

(1) To iff for any two distinct fuzzy points p,q in X, there exists an open fuzzy 
set 1-.1. such that (pEI-.I. and 1-.1. n q = 0) or (qEI-.I. and 1-.1. n p = 0). 

(2) Tow iff for any two distinct fuzzy points p , q in X, there exists an open 
fuzzy set 1-.1. such that pEI-.I. ~ q' or qEI-.I. ~ p ' . 

(3) TI iff for any two distinct fuzzy points p, q in X, there exist open fuzzy sets 
1-.1.1 and iJ.2 such that pE 1-.1.1> 1-.1.1 n q = 0 , qE 1-.1.2 and 1-.1.2 n P = O. 

(4) T lw iff for any two distinct fuzzy points p , q in X , there exist open fuzzy 
sets 1-.1.1 and iJ.2 such that pE 1-.1.1 ~ q' and qE iJ.2 ~ p' . 

2.2 Definition 

A (quasi) fuzzy topological space (X,[) is said to be 

(1) T 2 iff for any two distinct fuzzy points p,q in X , there exist open fuzzy sets 
1-.1.1 and iJ.2 such that pE 1-.1.1 , qE iJ.2 and 1-.1.1 n 1-.1.2 = O. 

(2) T 2w iff for any two distinct fuzzy points p ,q in X, there exist open fuzzy 

sets 1-.1.1 and iJ.2 such that pE 1-.1.1> qE iJ.2 and 1-.1.1 ~ 1-.1.2' 

(3) T2~ iff for any two distinct fuzzy points p,q in X, there exist open fuzzy 
sets 1-.1.1 and 1-.1.2 such that pE 1-.1.1, qE iJ.2 and "iiI n "iiz = o. 

(4) T2i iff for any two distinct fuzzy points p,q in X, there exist open fuzzy 
sets 1-.1.1 and iJ.2 such that pE 1-.1.1, qE iJ.2 and "iiI n j:i2. 

We proved in Fora (1989) (see Theorem 2 .3) that our Tow , T l w concepts coincide 
with the F To, F TI concepts, respectively , of Ghanim, Kerre and Mashhour 
(1984). However, our T2w concept is different from the F T2 concept of the same 
preceding paper .. 
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2.3 Definition 

A (quasi) fuzzy topological space (X,[) is said to be 

(1) T s iff all fuzzy points and fuzzy crisp "points" are closed in X. 

(2) Tc iff all fuzzy crisp "points" are closed in X . 

2.4 Theorem 

Let f : (X,[I) ~ (Y,[2) be a bijective fuzzy continuous map. If (Y,[2) is a 
Tj-space then (X,[I) is a Tj-space, iE {O,1,2,2tc,s,Ow , lw,2w,2~w}. 

Proof 

Let p.q be two distinct fuzzy points in X. Then xp, x4 are two distinct elements 
in X . Therefore f(xp), f(x 4 ) are two distinct elements in Y. Now, let PI , ql be two 
fuzzy points in Y determined by PI (f(xp)) = p(xp) and q,(f(x4 )) = q(x4 ) . Then Ph 
q I are two distinct fuzzy points in the T j - space Y. Thus there exist [z-open sets 
AI,A2 satisfying the appropriate definition of Y being a Tj-space . Since f is fuzzy 
continuous, therefore f-'(Ai) E [i for i = 1,2. Now. it is clear that f-'(A,). f- ' (A2) 
are [I-open sets satisfying the appropriate definition of X being a Tj-space. 

2.5 Corollary 

"Being a Tj-space" is a fuzzy topological property for each iE 
{O, 1.2,2~,c,s,Ow, 1w,2w,24w}. 

2.6 Definition 

A (quasi) fuzzy topological space (X,[) is said to be 

(1) regular iff for every fuzzy point p in X and every closed fuzzy set A in X 
such that PEA' , there exist open fuzzy sets I-li and 1-l2such that pE 1-l1' A~ 1-l2 and I-li n 
1-l2 = O. 

(2) w-regular iff for every fuzzy point p in X and every closed fuzzy set A in X 
such that PEA', there exist open fuzzy sets I-li and 1-l2 such that PE~I' A~ 1-l2 and I-li 
~ I-l;. 

(3) T 3 iff (X,[) is regular and Te . 

(4) T 3w iff (X,[) is w-regular and Tc . 
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We proved in Fora (1987) that our w-regularity is equivalent to Hutton and 
Reilly's fuzzy regularity concept introduced in Hutton and Reilly (1980). 

2.7 Definition 

A (quasi) fuzzy topological space (X,r) is said to be 

(1) normal iff for every pair of closed fuzzy sets AI, A2 such that Al ~ 1..2 , there 
exist open fuzzy sets iJ.I,1J.2 such that Al ~ iJ.I, A2 ~ iJ.2 and iJ.I n IJ.2 E O. 

(2) w-normal iff for every pair of closed fuzzy sets AI, A2 such that Al ~ A2, 
there exist open fuzzy sets iJ.I, IJ.2 such that Al ~ iJ.I ~ iJ.2 ~ A2' 

(3) T4 iff (X,r) is normal and Ts. 

(4) T 4w iff (X,r) is w-normal and Ts. 

We proved in Fora (1987) (see Theorem 3 .13) that our w-normality is equivalent 
to the normality concept introduced in Hutton (1975). 

2.8 Definition (Hutton 1975) 

The fuzzy unit interval [0,1] (L) is the set of all monotonic decreasing 
functions A : R - [0,1] satisfying 

(1) A(t) for t<O ,tER, 

(2) I,(t) o for t>1 ,tER; 

after the identification ofA: R - [0,1] and WR _ [0,1] iffA(t-) = iJ.(t-) and A(t +) 
= iJ.(t+) for every tE R (where A(t-) = inf {A(S): s < t} and A(t+) = SUP {A(S) : s 
> t}) . 

We define a fuzzy topology on [0,1] (L) by taking as a subbase { L" R, : tE R} 
where we define 

L,(A) = (A(t-»' and R,(A) = A(t+). 

This topology is called the usual fuzzy topology for [0 , 1] (L). It is easy to notice 
that f3 = {Ra n Lh : a,bE R} is indeed a base for the usual fuzzy topology on the 
fuzzy unit interval [0,1] (L) . 
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2.9 Definition 

A (quasi) fuzzy topological space (X,r) is called 

(1) completely regular iff for every open fuzzy set Aand every fuzzy point p in 
X such that pEA, there exists a fuzzy continuous function f : (X,r) ~ [0,1] (L) such 
that for every XE X : p(x) ::s f(x) (1-) ::s f(x) (0+) ::s A(X). 

(2) functionally Hausdorff (abbreviated Tr.h) iff for any two distinct fuzzy 
points p and q in X, there exists a fuzzy continuous function f : (X,r) ~ [0, I] (L) 
such that for every XE X : p(x) ::s f(x)(l-) ::s f(x)(O+) ::s q'(x) . 

(3) T3!w iff (X,r) is completely regular and Ts. 

We proved in Fora (1989) that our concept of being a completely regular fuzzy 
topological space is equivalent to the definition given in Hutton (1977) . 

2.10 Theorem 

(a) "Being a Tj-space" is a fuzzy topological property for all iE {3, 4, f.h, 3w, 
3!w, 4w}. 

(b) The followings are fuzzy topological properties: regularity, normality, 
w-regularity, w-normality, complete regularity. 

Proof 

(a) (i = 4w): Let f:(X,rl) ~ (Y,r2) be a fuzzy homeomorphism from a fuzzy 
topological space X onto a T4w-space Y. Let AI, A2 be two closed sets in X such that 
Al ~ A2· Then f(Al)' f(A2) are closed sets in Y and moreover, we have f(A,) ~ f(A2)' 
(easy calculations). Since Y is w-normal, there exit IJ... IJ.2 open sets in Y such that 
f(A() ~ IJ.I, f(A2) ~ IJ.2 and IJ.I ~ J.A.2. It is easy to check that Al ~ f- I (IJ.I), A2 ~ f- I(1J.2) 
and f-I(IJ.I) ~ (f-1(1J.2»'. The proof is completed by noticing that f-'(IJ.I), f- ' (1J.2) 
are open sets in X. 

The proof of the other cases is similar to the above case. 

The following result is easy to prove. 

2. II Theorem 

(i) "Being a Tj-space" is a hereditary property for iE {O, 1, 2, 2t 3, c, s, 
OW,lw,2w, 2!w, 3w, 31w, f.h}. 
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(ii) Regularity, w- regularity and complete regularity are all hereditary 
properties. 

(iii) "Being a Tj-space" is weakly hereditary for jE {4,4w}. 

(iv) Normality and w-normality are weakly hereditary properties. 

2.12 Definition (Lowen 1978) 

A property Pr of a fts is said to be a good extension of the property P in 
classical topology iff whenever the fts is topologically gnerated, say by (X;t), then 
(X,Wet» has property Pr iff (x;t) has property P. 

The following results obtained in Fora (1987) show that we have succeeded in 
defining good extensions of separation axioms . 

2.13 Theorem (Fora 1987) 

Let (X;t) be a topological space . Then the following statements are 
equivalent: 

(i) (X;t) 	is a Tj-space , 

(ii) (x,Wet» is a Tj-space, 

(iii) 	 (X,w(-c» is a Tjw-space, 


where i E {O,I,2,2!}. 


2.14 Theorem (Fora 1987) 

Let (X,-c) be a topological space, pE {regular, normal} and qE {completely 
regular , f.h}. Then we have 

(i) (X,-c) 	 is a p spae iff (X,w(-c» is a wp space. 

(ii) (X,-c) is a q spae iff (X ,w(-c» is a q space. 

3. Fuzzy Product Spaces 

Let us present our first result in this section. 

3.1 Theorem 

Let {(Xj,-cj):iE I} be a collection of nonempty topological spaces. Let n -Cj 
denote the tychonoff product topology on nxj. Then we have w(n-Cj) = nW(-Cj). 
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Proof. 

To prove nW(tj) ~ w(Htj), let A be a basic open set in nW(Tj) . Then there exist 
i, ,i2 , ... , in E I and there exists AjE W(Ti), i E I, such that A = nAj , where "i = 1 j for all 
i E I - {it , i2 , . . . , in}. For each tE [0, I], it can be easily proved that (nAi)-' (t , !] = 
DU j, where U j = X j for all i E I - {it. i2, . .. , in} and U j = Aj-' (t,l] for all jE {i"i2, 
.. . , in}. Since AjE W(Tj) for all jE I, therefore UjE Tj for j E I. Moreover , one can 
easily observe that n U jE DTi ' Hence nAj E W(nTj). 

To prove the other inclusion, i.e . W(nTi) ~ DW(Ti) ' let AEW (nTj). Take p any 
fuzzy point in DXi such that pEA. Let x = (X;)iE' be the support of p . Then p(x) < 
A(X). Let r = 1(p(x) + A(X» . Then p(x) < r < A(X) , i.e. xEA-'(r,IJ and A- '(r , l] E 
nTj. Hence there exist i, ,i2 , . . . , in Eland there exists U iE Ti, iE I , such that XE n U i 
~ A-'(r, IJ and U j = Xi for alliE 1- {it.i2' . .. , in} . Define Ai = r'Xu, for each iE {it ,i2, 
. .. , in} and Aj = Ij for all jE 1- {i"i2, . .. ,in}. Then nAi is a basic open set in DW(T;) 
and moreover we have pE nAi ~ A. Hence, according to Theorem 3.2 of Wong 
(1974), AE nW(Ti)' 

3.2 Theorem 

Let (Xi,[i) be a fuzzy nonempty space for each iE I. Then (n X i, n [i) is a 
Tow-space if and only if each (Xi ,[i), iE I, is a Tow-space . 

Proof 

(~) Let p,q be two distinct fuzzy points in nXi with supports x = (Xj)iEI and y 
= (Yi)iEI respectively. Since x "* y , there exists jE I such that Xj "* yj. Take Po, qo to 
be fuzzy points in Xj such that Po(Xj) = p(x) and qo(Yj) = q(y) . Then Po,qo are two 
distinct fuzzy points in the Too,-space (Xj>[j). Thus there exists Aj E [j such that Po E 
Aj ~ q() or qo E A ~ p(). In the case PoE Aj ~ q()' we get Po(Xj) < Aj(Xj) ; so p(x) <J 

A/Xj) = (nA;)(X), where Aj = Ii for all i E I-{j}. Hence p E DAi ~ q ' . In the second 
case, i.e . qo E Aj ~ p(J, we get a similar situation . 

(~) Let (nXi, nri) be a Tow-space and let j E I. To prove (Xj, r) a Tow-space , 
let Po,qo be two distinct fuzzy points in Xj with supports Xjp , and Xiq respectively . 
Since Xi "* <», there exists xiE Xi for each i E I-{j}. Define Xi p = Xiq =Xi for each i E 
I-{j} and put xp = (Xip)iEI and Xq = (Xiq)jEI ' Let p, q be two fuzzy points in n Xi such 
that (p(xp) = Po(Xjp) and q(xq) = qo(Xjq) . Then p, q are distinct fuzzy points in the 
Tow-space (DX j, D r j) . Thus; using Theorem 3 .2 of Wong (1974) , there exists a 
basic open set A in (D Xi, nri) such that pEA ~ q ' or q E A ~ p' . Hence there exist 
i"i2, ... , in EI and there exists Aj E [j , i E I, such that Ai = Ii for all i E 1- {i\ ,i2, ... ,in} 
md A = nAi. It is easy to observe that Po E Aj ~ q() or qo E Aj ~ p(). 

Actually , the above technique can be used to prove the following result. 

http:1-{it.i2
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3.3 Theorem 

Let {(Xi , ri) : i E I} be a collection of nonempty fuzzy spaces . Then 

(i) (nXj, nri) is a Tj-space if and only if each (Xi, ri) is a Tj-space; where jE 
{O, I ,2 ,2t 3,Ow, Iw,2w, 2~w , 3w,3~w ,s.c}. 

(ii) (nXi, nri) is regular (w-regular) if and only if each (Xi, ri) , iE I, is regular 
(w- regular). 

The following result shows that even the property of being completely regular 
is still fuzzy productive . 

3.4 Theorem 

Let {(Xi, ri) : i E I} be a collection of nonempty fuzzy spaces. Then (nXi, nri) 
is a completely regular space if and only if each (Xi, ri) iE I, is a completely regular 
space. 

Proof 

(~) Let p be a fuzzy point in nXi with support t = (ti)i€1 and let ~ be a fuzzy 
closed set in (nXi, nri) such that pE~', i.e. pet) < ~ ' (t). Let r = ! (p(t) + ~'(t)). 
Then pet) < r < ~'(t). Since p E ~' and ~' E nri , therefore; by Theorem 3.2 of 
Wong (1974), there exist iJ,i2 , ... ,in EI and there exist ~iE f; for all iEi such that pE 
n~i ~ ~', where ~i = Ii for each i E I-{i 1,i2,... in}. Let pj be a fuzzy point in Xi with 
Pi(ti) = pet). Since pE n ~i, therefore p/t) = pet) < min {fAi(ti) : i = i1,i2 , ... ,in} :s 
~j(t) for each j E {i 1,i2 , ... ,in}. Hence Pj E ~j for all j E {i 1,i2 , .· . ,in} . Since (Xj, rj) is a 
completely regular space, there exists a fuzzy continuous function f(Xj, fj) --+ 

[0, I ](L) such that Pj(Xj) :s fj(x)(I-) :s fj(xj)(O+) :s fA/Xj) for all Xj E Xj, where j E 
{iJ,i2 , ... ,i,,} . Now, define f:(nXj, nf;) --+ [O,I](L) by f«xi)iEl) = min {f/Xj) : j E 
{i 1,i2, .. · ,in} }. Notice that f is a well defined fuzzy continuous function satisfying 
the condition that for every x = (Xi)i€1 E nXi we have p(x) :s f(x)(1-) :s f(x)(O+) :s 
~'(x). 

(--+) Let (11 Xi , n fi) be a completely regular space and let j E I. To prove 
(Xj,r) a completely regular space, let Po be a fuzzy point in Xj with support tj. Let 
AjE fj be such that POE Aj. Since Xi *" <1> , there exists ti E Xi for each i E I-{j}. Take p 
to be the fuzzy point in nXi such that pet) = Po(tj) , where t = (ti)i€!' Let A = nAi 
where Ai = Ii for all i E I-{j}. Then A E n [i and pEA. Since (nXi, nr;) is a 
completely regular space, therefore there exists a fuzzy continuous function f:(n 
Xi, n fi) --+ [O,l](L) such that for every x = (Xi)i€1 E nxi, we have p(x) :s f(x)(1-) 
:s f(x)(O+) :s A(X) . Now, define g:(Xj, fj) --+ [O,l](L) by g(Xj) = f«xi)i€I), where Xi 
= ti for i E I-{j}. Then g is a fuzzy continuous function satisfying the condition that 
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The 	above theorem suggests the following result. 

3.5 	 Theorem 

Let {(Xj, [j): iEI} be a collection of nonempty fuzzy spaces . Then (nXj, n[j) is 
functionally Hausdroff if and only if each (Xj,[j) is functionally Hausdorff, iEi. 

Observe that the theorem is not true for the w-normal spaces. In fact, we have 
only one direction is true. To illustrate this fact, we have the following result. 

3.6 	 Theorem 

(a) Let {(Xj, [j) : iEI} be a collection of nonempty fuzzy spaces. If (nX j, n[j) 
is w-normal (T4w), then each (Xj,[j) , iEI, is w-normal (T4w). 

(b) There exists an w-normal (T4w) space (X,[) for which (X x X, [ x [) is 
not w-normal (not T4w). 

Proof 
(b) Let S denote the Soprgenfrey Line. Then w(S) is w-normal (T40,) 

according to Fora (1987). Using Theorem 3.2, we have w(S)xw(S) = w(SxS) which 
is not w-normal (not T 4u,) according to Fora (1987). 

It is a remarkable notice that if Xl = X2 = {x}, Tl = {O,r:~::s r::S 1} and T2 = 
{1 ,r:O::S r ::s~}, then Xl x X2 = {(x,x)} and Tl x T2 = {r:O::S r::S I}. This means 
that the product f.t.s. Xl x X2 is indeed a Tjw-space for all iE {O,l ,2,2t 3 ,3!,4}. 
Notice that the q.f.t.s (XJ,Tl) is not even a Ts-space. For this reason we observe 
that constant functions are important in defining fuzzy topological spaces for the 
purpose of separation axioms . For more details we refer the reader to consult 
Ming and Ming (1980b), and Lowen and Wuyts (1988). 

4. Fuzzy Connectedness and The Fixed Point Property 

We 	start this section with the following definition. 

4 . 1 	 Definition 

A (fuzzy) topological space (X,r) is said to have the fixed point property 
(f.p .p for short) iff every (fuzzy) continuous function f:(X,[) ~ (X,[) has a fixed 
point (i.e. a point XEX for which f(x) = x). 



Sc;paration Axioms , Suhspaccs and Product .. 13 

Using Theorem 1.6 and Theorem 1.7, we get the following result. 

4.2 Theorem 

Let (X;t) be a topological space. Then we have 

(i) (X;t) has the f.p .p. if and only if (X,wet)) has the f.p.p . 

(ii) (X,T) has the f.p.p. if and only if (X,X[T) has the f.p.p. 

In usual topological spaces, it is an easy exercise showing that a space having the 
f.p .p. must be connected and a To-space. In fuzzy topological spaces , we shall give 
an example of a fuzzy space have the f.p .p. and yet it is neither connected nor a 
Tow-space. 

4.3 Definition 

A fts (X,r) is called connected iff it has no c10pen sets other than the constant 
fuzzy sets. 

4.4 Example 

There exists a fuzzy space (X,r) which has the f.p.p . and yet it is neither 
connected nor a Tow-space. 

Proof 

Let X = {O, I}, r = {"-, ,,-', r:O :5 r :5 I} where "-(0) = ! and "-( 1) = t To prove 
(X ,r) has the f.p.p., we must show that the function f:X ~ X; given by f(O) = 1 
and f(l) = 0; is not fuzzy continuous. Indeed, f-I(,,-)(O) = "-(f(O» = "-(1) = t. 

Hence f- I(,,-) ~ [. This shows that (X ,r) has indeed the f.p.p . It is clear that 
(X,r) is not connected because "- is a c10pen set in X. Moreover, for the fuzzy 
points p, q in X; given by p(O) = 0.9 and q( 1) = 0.9 ; there does not exist!! E r such 
that p E !! ~ q' or q E !! ~ p'. Hence (X,r) is not a Tow-space . 



14 Ali Ahmad Fora 

References 

Chang, C.L. (1968) Fuzzy topological spaces, 1. Math . Anal. Appl. 24: 182·190. 


Fora, A.A. (1987) Fuzzy separation ax ioms and fuzzy continuity, Arab Gulf 1. Scient. Res., Math. 

Phys. Sci., A5(3): 307-318. 

Fora, A.A. (1989) Separation axioms for fuzzy spaces, Fuzzy Sets and Systems, 33: 59-75. 

Ghanim, M.H., Kerre, E.E. and Mashhour, A.S. (1984) Separation axioms , subspaces and sums in 
fuzzy topology, 1. Math . Anal. Appl. 50: 74-79 . 

Hutton, B. (1977) Uniformities on fuzzy topological spaces, 1. Math. Anal. Appl. 58: 559-571. 

Hutton, B. and Reilly, I. (1980) Separation axiom in fuzy topological spaces, Fuzzy Sets and Systems 3: 
93-104 . 

Lowen, R. (1976) Fuzzy topological spaces and fuzzy compactness, 1. Math. Anal. Appl. 56: 621-633 . 

Lowen, R. (1978) A comparison of different compactness notions in fuzzy topological spaces, 1. Math. 
Anal. Appl. 64: 446-454. 

Lowen, R. and Wuyts, P. (1988) Concerning the constants in fuzzy topological , 1. Math. Anal. Appl. 
129: 256-268. 

Ming, P.P. and Ming, L.Y. (1980a) Fuzzy topological, 1. Math. Anal. Appl. 76: 571-599. 

Ming, P.P. and Ming, L.Y. (1980b) Fuzzy topological. n. product and quotient spaces, 1. Math. Anal. 
Appl. 77: 20-37. 

Sarkar, M., (1981) On fuzzy topological spaces , 1. Math. Anal. Appl. 79: 384-394 . 

Srivastava P., Lal, A.N. and Srivastava, A.K. (1981) Fuzzy Hausdorff topological spaces, 1. Math. 
Anal. Appl. 81: 497-506 . 

Weiss, M .D. (1975) Fixed points, separation, and induced topologies for fuzzy sets, 1. Math . Anal. 
Appl. 50: 142-150. 

Wong, C.K. (1974) Fuzzy points and local properties of fuzzy topology, 1. Math. Anal. Appl. 46: 
316-328 

Zadeh, L.A. (/965) Fuzzy sets , Inform. and Control. 8: 338-353. 

(Received 2511011987; 
in revised form 22105/1990) 



C· 
t.

 
~
 

"<
i 

" 
~
"
 

c
[: 

.~ 
t 

[: 
t~

 
.r

b 
1· 

C
 

c'
~. 

. 
~ 

-
.~ 

t 
~ 

~ 
­

: ~ 
\ 

·t· 
.c.

. 
~
.
 
t1-

' 
~ 

"E 
c· 

~ 
['

• 
• 

~0
'
'
'
' 't"
 

• 
~
.
 
t
"
 

. 

J 
. 

~ 
t 
~ 

~ 
f 

~ 
~. 

.t: 
t 

!. 
~~ 

( 
;-

f -
.~. 

". 
~ 

~ 
. 

.~ 
l 

~ 
~ 

-
c. 

-
1 

.[
 

!.
. 

·t·
·~ 

~ 
~: 

\ 
f'

~ 
t. 

"t 1
. 

~ 
~.

 .i:
.;-

t-
,t'

 
[ 

·f
~ 
l 

r: 
~ 
~
 

t 
~ 

1. 
.' 1

. 
~ 

L
 [

 ~I
-~
' 

~ 
-

'­
.~

1 
~ 

l..
;~
 
~
 1

. 
t,

 
~ --1't

 
,.

..
 -

_
,
 . ~
 

,
tt 

,..
. -

./A
-'-

c· 
f. 

:! 
,~

 
,t:

,. 
• 

t
,
,
,
.

• 
-

.c..
 

-1
. 

I 
t
·
·
 

.<
;.-

•
'i.

. 
t,

' 
. 

~ 

1:.
 f

' 
.E 

~. 
t 

-
; 

1.
·t 

~ 
f. 

[ 
C

'~(. 
t 

?~
. 

it
\-

» 

-
E

-
» 

- . .c
.. 

t 
ff

.. 
". t·~

.
 

" 
-

o
. 

~
 ~ 

c. 
C

·" -
ct 

. 
'.(

't
o

. 
;:,

­
t.

 c
, 

0
: 3

~~
! 

~ 
~.
 

1. 
.<

;.-
1 
~
 

.~
 ~

 
t 

(. 
c· 

~ 
£. 

-
~ 

'l 
.f"

' 
~'

~ 
::

 
·t 

~ 
~
 t

: 
~ 

l 
~ 

S 
'l=

 
~ 

.~
 

? ., C
. 

E..
:. 

-
t
"
 

<..
 

C
 

-
-

I 
·t

 
~ 

(
t
 

' 
€ 

1-
f. 

[
. 
~ 

c· 
':-.' 

~.
 ~
 c

,(.
.~ 

c 
~ 

{-
,,' 

(. 
l 

f 
[ 

f. 
~ 

.f 
-
~ 

:; 
~
 

S 
8 

1-
'~
 

t 
c· 

~ 
(.
.~
 

r 
.~
 c

· 
·L

 
~ 

.~ 
~: 

t; 
~ 

c· 
~ 

(. 
". 

E: 
~ 

~. 
.~ 

A
. 

'l=
 

r 
C

·
"
 

C. 
" 

t' 
c 

·L
 

C
 
t"'

" 
(. 

( 
\·

t
,.

. 
r

.t,
 

t 
"C

;: 
C

 
't
-

\ 
~'
. 

• 
=

 ~
 

C
,"

 
',-

. 
f 

[ 
"
0

 
E..:

. 
E

 
~
 

E
 

. 
f 

s,...
. 

(.
. 

-
[ 

C
-

­
-r

 r: 
~.

-:
. 

-
'f

-
-

c..
 

'" 
~
 

!'
:;

 
(. 

'. 
~
 

e:
 

-
1 

-
E

~ 
.c.

. 
b\ 

-
r. 

" 
\ 

c,
C

' 



" 
I 

(/
\ 

-
. 

. 
~ 

" 
\
.
:
.



t . 
c·

 
~ 

;'
 
~ 
~
~ 

~ 
t 
~ 

.~ 
.f

 f
::-

~: 
t 

1,
 

'f 
I 

I 
I 

I 
I 

~
 
l 

~ 1
-.

 
f 

0
,
.
.
.
.
,
 

-t
 

-<
 

--
-
-
(
 

v.
 



16 Separation Axioms, Subspaees and Product .. . 

~~ J&- J...I,j (u),) 0\ ~.riJ." ~}y.y i",l,.2j (u 4 V"') 0\ ~.riJ 
oJ-.i,l1 Jl V'" ~}..r.:JI ",L...2AJI ~ U.rJI ;).i II o~1 ~ JI."..u1 ~ 

: 4l::JI 1tL::JI ~\ ~I 1.lA ~ ~I . [' 4 #] .i.4.WI 

: 0}; ~}.r.=JI ul",L...2AJI :.r Wl&. { .!J 3 0 Cu 40V'" ) } ..:...;l5 I~l - , 

.k.<U." I~I ~l!JI ~I ~l>- (u 4 V"') (.$,)WI ~}.r.=JI ",L...2AJI cl4 -.,.. . 
. ( (u),) 4 V'" ) ~UI ",L...2AJI ~ I~I 

u~ ~ ~I IJ.....,. ~ 0.J§.lll ~I u~~ ~.J\A.. ..:-1." 12 
~I L:-.,.;."I." J~I 1.lA ~ ~ 0:!->~ ~ :.r ~.rU ~ ..fl ~I 

. ~UI ~}.r.=JI ul",L...2AJ 1~ ~l!JI ul;lpi':JI ,)~." 

http:i",l,.2j

